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SUMMARY: This research paper formulates dynamic differential equations that take into
account the performance of every component within the planetary gear transmission system
comprehensively. It also develops calculation methods for stiffness and damping. Finite -
element analysis is utilized to compute the particular meshing force among gear components
during the system's operation. It also serves to examine the dynamic response traits under the
effect of this force. At the same time, we evaluate the effects of different parameter changes on
the system's amplitude response to determine the path for optimizing the system's dynamic
features.The results of the finite - element analysis show that when an external force is applied
to the system, the displacements of the sun gear and other gear elements in the x and y directions
fall within the range of -1 to 1 unit. Additionally, the dimensionless meshing force response
between the gears can reach up to 1.337 units. The variation of three parameters such as
eccentricity error, tooth frequency and shaft frequency error, and damping ratio can lead to a
maximum vibration amplitude of 5.625 when the system is stressed, which should be optimized.

KEYWORDS: planetary gear train; dynamic modeling; finite element analysis; vibration
amplitude

1 Introduction

Relative to other transmission systems, gear transmission is not only more accurate ratio, higher
transmission efficiency, and higher reliability and longer service life [1]. In particular, the
planetary gear transmission system also has the advantages of low vibration and noise, large
transmission ratio and compact structure, widely used in wind power, aerospace, special
equipment and other key industries and projects, its vibration, noise and control issues by the
international scientific and technological field of scholars in a wide range of concerns [2-5].
However, as mechanical products and mechanical equipment are increasingly moving towards
the direction of high speed, high efficiency, precision, lightweight and automation, the product
structure is becoming more and more complex, the speed of product replacement is accelerating,
and the performance requirements for the products are getting higher and higher, which requires
that the planetary gear transmission system has good dynamic characteristics [6-9]. At the same
time, the traditional design method is difficult to comprehensively consider all aspects of the
constraints, the obtained is often only a feasible solution to the complex problem, rather than
the optimal solution, and it is difficult to meet the requirements of the dynamic characteristics
of machinery and equipment, the dynamic characteristics of the system for the optimization of
the design can be a large extent to solve such problems [10-13]. It is characterized by solving
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the problem in the design stage, and its advantage is that the cost is small and can adapt to the
needs of the current fierce market competition.

Regarding the dynamic characteristics of the planetary gear transmission system and its
related research, literature [14] established a coupled dynamic model containing time-varying
stiffness and friction, analyzed the vibration response under parametric excitation by classifying
the lubrication state and numerical solution, and verified the consistency between the simulation
and the test, emphasizing the importance of the tooth friction calculation to enhance the
accuracy of the model and the optimal design of the planetary gear system. Literature [15]
establishes a new dynamic model of planetary gears and analyzes the effects of gear axial tilting
and load changes on the dynamic characteristics of the system, pointing out that the tilting
reduces the meshing stiffness and significantly changes the higher-order intrinsic frequency and
the floating trajectory, and the increase of the load makes the contact from the line to the surface
and improves the stiffness, but the lower-order frequency remains stable. For the planetary gear
system in aerospace non-inertial system, the literature [16] focuses on analyzing its dynamic
characteristics under space motion, and through the establishment of coupled dynamics model,
exploring the joint effect of gravity, implicated inertia force, Koch force and gyroscopic
moment, pointing out that the non-inertial conditions lead to a significant shift of the radial
equilibrium position of the planetary wheel, which reveals the trajectory of each component
under different motion conditions, the bearing force and acceleration of the complex rule of
change. Literature [17] deduced the equations of motion of each component under arbitrary
motion of the fuselage, improved the coupled dynamics model of the non-inertial system, and
pointed out that the internal non-inertial system mainly affects the trajectory of the planetary
wheel, and the external non-inertial system changes the trajectory of the central component by
comparing the dynamic response under different non-inertial conditions, which emphasizes the
non-inertial effect significantly affects the bearing force, vibration and load balancing
performance, and the traditional method will bring serious errors. For the wind turbine planetary
gear system, literature [18] established a nonlinear dynamics model under random wind load,
analyzed the effect of stiffness ratio on the dynamic behavior of the system, and found that the
variation of the stiffness ratio triggers rich nonlinear dynamics, and the reasonable adjustment
can make the system out of the chaos into the stable cyclic motion, while the random load
increases the system instability. Literature [19] pointed out that the traditional research is
mostly based on the earth reference system, which is inconsistent with the actual working
conditions of planetary gears under non-inertial conditions such as aircraft maneuvering, for
this reason, it summarizes its commonly used dynamics models and research progress, points
out that the dynamics of the non-inertial system is insufficiently researched, and suggests to
combine the non-inertial analysis method of the rotor system, and continue to explore the
dynamics of the planetary gear system under the non-inertial system in depth.

As a method that can replace complex problems with simpler problems and then solve them,
finite element analysis provides support for the optimization of the dynamic characteristics of
the planetary gear drive system. FEA views the solution domain as consisting of a number of
small interconnected subdomains called finite elements, assumes a suitable approximate
solution for each element, and then deduces the total fulfillment conditions for solving this
domain to obtain a solution to the problem [20-22]. This method can systematically and
effectively evaluate the stress distribution, deformation characteristics and vibration excitation
of key components such as gears and shaft systems, so as to reduce the weight or improve the
dynamic response through parametric optimization [23, 24]. In the research related to the
optimal design of the dynamic characteristics of the planetary gear transmission system,
literature [25] for the electric bus planetary gear system, this study through the multi-objective
optimization of the gear micro-geometric parameters, and the use of LTCA and modal
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superposition method to analyze the dynamic response, the results show that the optimization
scheme significantly reduces the vibration and noise of the transmission system, which verifies
the validity and safety of the optimization of the design of its dynamic characteristics. Literature
[26] pointed out that the traditional method of planetary gear strength calculation with reference
to cylindrical gears, the results are conservative and difficult to locate the worst stress point,
and through the kinematics and transient finite element analysis, accurately obtain the stress
time course of the gears and the location of the maximum stress, which verifies the validity of
the method, and lays a foundation for the fatigue analysis and optimal design.

This paper constructs a dynamic model of the planetary gear transmission system, and
quantifies the force relationship between the components of the system through equations.
Mesh the simplified planetary gear transmission system, establish the contact finite element
model of the system gears, iteratively solve the force on each point and surface of the gear
transmission contact, and analyze the dynamic response vibration value of the system. Through
simulation experiments, to determine the time-varying meshing stiffness for the system's
intrinsic frequency, and calculate the vibration displacement data of each component of the
system after the force, to analyze the influence of various types of parameters on the amplitude
and frequency characteristics of the system vibration, and to determine the direction of
optimization of the dynamic characteristics of the system.

2 Finite element-based modeling and analysis of planetary
gearing system

2.1 Dynamic model of planetary gearing system

2.1.1 System dynamics modeling

Considering the intricate structure of the planetary gear system, this study constructs its
dynamic model using the lumped parameter approach. The stiffness of component supports and
the time - varying meshing stiffness of gears are equivalently represented as springs. All
components are considered as rigid bodies, incorporating transverse, longitudinal, and torsional
degrees of freedom, while multiple error factors are disregarded.Figure 1 depicts the system's
dynamic model, with the center of the planet carrier designated as the coordinate origin. Table
1 lists all the parameters of the model and the sub - script definitions for each component.
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Figure 1: Dynamic Model of Planetary Gear Transmission System

Table 1: Symbols of parameters in the dynamic model

Parameter symbols Meaning
ks, Ke, Kr, Kpi Supporting stiffness
Kso, Keo, Kro Torsional stiffness
Kspi, Krpi Engagement stiffness
Xs, Xc, Xr Lateral micro-displacement
Ys, Ye, Yr Longitudinal micro-displacement
Npi Radial micro-displacement
Tpi Tangential micro-displacement
Os, Oc, Or, O Torsional angle micro-displacement

The generalized displacement vector of the system can be expressed in the following
manner:

{X}={xs,ys,es,npi,rpi,é?pi,xc,yc,é?c,x,,y,,@r}T (1)

The tooth profiles of two gears that are meshing with each other stay in close vicinity. There
is a linear relationship between the meshing force and the elastic deformation, and a linear
spring can be used to simulate the sub - stiffness of the gears. The elastic deformation of the
interlocked gear teeth along the meshing line is as follows:

S = (N =%, )SiN @ + (Y, =7, ) COS @y +U, +U,

S = (N =%, )SiN @ + (Y, — 7, )COS @y +U, — U,

S = X — Ny —U SIN @, )
Oupiv = Ye —Tpi U, COSQ,;

Sopis = (Ngi =X, )sin g + (¥, — 7, ) cOs @ +U,
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In this context, the symbols, signify the elastic deformation occurring within the meshing pair
between the sun gear, the inner ring, and the third planetary gear. Meanwhile, the symbols,,
indicate the projection of the relative displacement between the planetary carrier and the
planetary gear along the, directions. and directions. o ()=7/2+¢,{t)-0, ;

PO =712+p, )+, ; oy o - pressure angle of the sun wheel, inner gear ring
engagement with the ith planetary wheel; ¢ (t) - time-varying phase angle of the i th
planetary wheel; ¢ (t)=awt+27(i-1)/4; o, - acceleration of the planetary carrier;
U, = o,r,

s's?

U =6,r, u;,=0,r; U =6r; r, r, r,, r -radius of the base circle of the

sun wheel, the inner gear ring and the i th planetary wheel and the radius of the planetary carrier.
At this time, the gear pair meshing force is:

ksp|55p| + CSpIé‘SpI
F =k S5 _+C.0

rpi “rpi rpi “rpi

©)

Based on the force interaction among the components, the differential equations for the
system dynamics are formulated as follows:

4

M X, +C,X, —Z Fypi COS @ + kX, =0
4

m.y, +C, Y, +z Fyi SiN @y +ky, =0
i=1

(Islrsz)us+csgus+ZF +k,u, =T, /T,

spi

—Ki0ix COS @ —K 0, SiNgy —Fsinag, + R sing,,; =0

pi ™~ cpix pi~cpiv
mp,r, + kp,cSCp,X sing,; —K 6, €S, — R, cosag, —F ; cosa,,; =0

(1, /75 )G = Fpy + Fyy =0

m, X, +Zcpl CpIX+cc>’<c+Zillkp,cip,ﬁk X, =0 4)
+Zcpl o+ Co yc+ka, Sy T K Y, =0

(I /r? )u +Zcpl Cplu+cctguc+2kp,§cp,u+k u =T, /T,

=

m X +CX — Z Fppi COS @, + K X, =0

4
m ¥, +c,V, +Z Foi SiNg +ky, =0
i=1

(Ir/rrz)ur+cr9ur+ZF +k U,

rpi

Within this formula, the variables represent, in turn, the mass of the sun gear, the nth planetary
gear, the planet carrier, and the inner ring. Other damping coefficients correspond to the support
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damping and torsional damping of each of the aforementioned components. Additionally, the
inertia coefficients signify the rotational transmission inertia of the sun gear, planetary gear,
planet carrier, and inner ring respectively.

2.1.2 Calculation of stiffness and damping

In the gear meshing procedure, the stiffness of gear meshing undergoes continuous alterations
in tandem with the dynamic deformation of the teeth. It represents the quotient of the normal
contact force per unit tooth width to the overall normal deformation of the tooth surface when
a pair of standard, error - free spur gears engage at the pitch circle.The ISO strength standard
defines two parameters related to meshing stiffness. The initial parameter is the maximum
stiffness ratio of the unit tangential meshing force to the normal deformation at the tooth end
during the ideal meshing of gears. This ratio provides an approximation of the stiffness at the
meshing nodes and critical locations. The second parameter is the stiffness ratio. It is derived
by translating the average rotational lag angle of the driven gear into the distance measured
along the meshing line during the stable power - transmission process of standard gears.

This research paper utilizes the finite - element approach to compute the time - varying
meshing stiffness of gears. For the sun - planet gear and the inner - ring - planet gear, relevant
models are constructed to determine the two stiffness values.The inner ring is subjected to fixed
constraints to restrict its degrees of freedom, and the radial movement of the sun gear is
constrained. When performing the calculations, the torque applied to the sun gear is transformed
into nodal forces and exerted on the nodes of its inner ring. The formula for the torque is
presented as follows.

T=nfr, ()

Here, let: - the total number of nodes on the inner perimeter of the sun gear; - the force
exerted by a single node on the inner perimeter of the sun gear; - the radius of the inner perimeter
of the sun gear.Then, the force along the direction of the meshing line at this particular point is:

A :T/rb (6)

where: 1, - The radius of the base circular component of the solar wheel.

When the displacement of the nodes is extracted, if only a single point is extracted, then
there will be local singularity on the results, so it is necessary to extract all the node
displacements of the inner circle and solve to get its average value, and according to this average
value to get the deformation of the inner circle of the sun wheel torsion y, . At this time, the

rotation angle of the sun wheel along the circumferential direction is:
0= x,/t, (7)

In order to attain extra rigidity, it is crucial to convert the equivalent rotational angle of the
sun gear in the circumferential direction into the direction of the meshing line.

X =0, (8)

At this juncture, the formula for the meshing stiffness between the sun gear and the planet
gear can be expressed as:
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ksp = nfmrnz/zn rb2 (9)

Partition a single meshing cycle into segments and construct the relevant finite element
model. Implement the computational process described above to determine the meshing
stiffness between the sun gear and the planet gear.

Likewise, during the computation of the meshing stiffness between the planetary gear and
the inner race, a fixed restraint is imposed on the outer perimeter of the inner race. At the same
time, a moment is applied to the inner part of the planetary gear to determine the meshing
stiffness of the combination of the planetary gear and the inner race. k_, When calculating the

theoretical mesh stiffness, the contact between the gears is set up in accordance with the
theoretical mesh pairs in the current mesh position. In the ensuing chapters, when computing
the meshing stiffness, to assess the impact of the multi - tooth contact occurrence, aside from
establishing the contact between the theoretically contacting meshing pairs, corresponding
contacts will also be established for the tooth pairs adjacent to the theoretical contacting pairs.
These adjacent pairs might come into contact because of deformation.

In the planetary drive, there are also some parts play a role in transferring power and
supporting the function of other transmission components, such as the input shaft supporting
the sun wheel. For the stiffness of each supporting member, this paper also chooses the finite
element method to solve. The input shaft is taken as an instance to demonstrate the solution
approach. The input shaft not only serves to transfer torque but also functions to allow elastic
movement for the sun gear.

The input shaft is capable of leveraging flexural deformation to absorb the shock produced
when the planetary gear system is in operation. The stiffness of the input shaft, which acts as a
measure of its bending deformation, is equal to the support stiffness for the sun gear. When
selecting the finite - element method, to prevent local deformation from affecting the results, a
central node is defined at the center of the loading end - face, and the nodes on this end - face
are coupled with it. The load is applied to the center node, and the deformation of the center
node can be obtained by calculation, which is given by K=F/X , where X s the

deformation of the center node under the action of F, so that the input shaft stiffness can be
obtained.

When computing the damping of a system, the system's damping is associated with the mass
and stiffness of its adjacent components. Consequently, the mass and rigidity of the gear system
can be utilized to compute the equivalent damping of the system.

The formula for equivalent damping is as follows:

_ K,mMm,

Csp - 25 (10)
m +m,
B k,mm,

Cp =28 [ —F (11)
m, +m,

C; =2 /k;m; (i=s.pr) (12)

The following are the particulars:- The equivalent damping occurring between the sun gear and
the planetary gear.- The equivalent damping found between the planetary gear and the internal
gear ring.- The damping coefficient.
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2.2 Contact analysis of planetary gear trains

2.2.1 Numerical solution for contact finite elements

Contact in finite elements generally refers to the process of two objects coming into contact
with each other under the action of a force, and the study of the contact problem in finite
elements is mainly concerned with the study of the stress as well as the strain. In dealing with
the dynamic contact problem of gears, it is mainly dealt with the help of finite element software.

In the present gear contact problem, the main uncertainty comes from the complexity of the
boundary conditions. The intricacy primarily stems from the non - linear nature of the contact
breadth of the gear teeth, the clearance on the tooth flanks, the tooth surface irregularities, and
the frictional elements. When two independent and related objects are in dynamic contact, the
basic equation can be obtained from the finite element contact theory as:

{[KA]{UA} ={Ra} +{Ps}
[Ke]{ug} ={Rs } +{Ps}

The stiffness matrix of the two entities is designated as. The nodal displacement matrices of the
two entities are signified by and. The overall load matrices of the two entities are presented as
and. Moreover, the unit contact force matrices of the two entities are and.

After determining their contact conditions, the stresses and nodal displacements of the two
objects in contact can be obtained according to equation (13). Let the contact pairs of the two

contacting objects be i and i®® (i=12,3---n), respectively, then the contact equations are
obtained:

(13)

\ \ (24)
LRI
i=1 i=1
where i, j, k for the node number, {R™"W}, {R®®} for the contact points i, j,

respectively, the vector of internal forces; {PV}, {R®7} for the role of the node k on the
vector of external forces; Cc!®, C(® forthe node k unit of force acting on the deformation

ik ?
caused by the i points.
The equation of the contact pair is:

U} = {u®) + {5} (15)

If Eq. satisfies Equation {R{®}={R"}+{R;}, substituting this equation into Eq. (14)
yields Eq:

>Le (R} -{ot) (o) (6

where % is the external force loading displacement vector. If a torque is applied to the object,
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it is obtained in the contact equation:
Z Rjiri = Tp (17)

By solving the above equations together, the overall contact matrix equation can be derived
when two objects are in contact with each other. See equation (17) The contact equation is
solved iteratively until the results converge. During the solution process, the extreme values of
the contact pairs of the internal force vectors are deleted, and then a new flexible matrix is
created before solving again. The unit contact matrix equation is obtained as follows.

C11 C12 o Clj C12 rl(A) r1(B) i Rl | _51( ) W
C, C, - C; - C, i r®|IR 5@
S : ST | I P (18)
Cnl an tee Cni ot Cnm r-n(A) r-n(B) Rn 5r$2)
O AW 0 0 || g | [T
_rl(B) (e . rj(B) o r® 0 0 __(92_ _Tél)

2.2.2 Contact finite element modeling of gears

1) Contact type setting

Within the contact categorization of the finite element software Abaqus, there exist two
contact methods: one is founded on surface contact, and the other is centered around contact
units. Which Abaqus/Standard mode can be used based on the face contact and contact unit
based contact, usually gears of the static mechanics of the contact analysis is to use the mode,
while Abaqus/Explicit mode can only be used based on the face of the contact, the general gears
of the display of the dynamics of the analysis of the use of this mode of analysis.

There exist two primary types of face - based interaction: one is the individual - to -
individual interaction mode, and the other is the surface - to - surface interaction mode.

There exist two types of contact methods: point - to - point contact and face - to - face
contact.In point - to - point contact, the nodes on the slave surface establish contact with their
corresponding projected nodes on the master surface. The fundamental principle of this contact
mode is that the slave nodes are less densely distributed compared to the master nodes.
Furthermore, the slave nodes are not allowed to pierce through the master surface. In contrast,
the master nodes have the ability to penetrate the slave surface. Face - to - face contact is another
frequently used discrete contact method. The principles for its selection are as follows: the
smaller surface is designated as the slave surface. When the stiffness is the same, the mesh with
larger elements is regarded as the master surface. Also, the contact surface with a larger contact
area is preferably set as the master surface.

2) Load Setting and Degree of Freedom Constraints

The structure of the planetary gear transmission system is intricate. Therefore, this research
primarily examines the contact condition among the sun gear, planet gears, and the internal gear
ring. The planet carrier is regarded as a rigid body and is not involved in the contact analysis;
instead, it is substituted with kinematic constraints. Since each planet gear has the same contact
relationship, just one gear is chosen for analysis to decrease the computational burden.
Subsequently, the simplified model is meshed using Hypermesh.

In the course of the contact analysis, the scale of mesh discretization has an impact on the
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precision of the outcomes. The mesh within the gear contact area is refined, while the mesh at
the gear body and the rim is made less fine.

The planetary gear transmission system, which was segmented in Hypermesh, is transferred
to Abaqus. In Abaqus, a contact finite - element model is built for the internal gear ring, the sun
gear, and the planet gear. To define the contact relationship, the surface - to - surface contact
method is employed within Abaqus. This face - to - face contact is detected and evaluated via
the Gaussian points on the surface. The contact region on the contact surface consists of a
sequence of Gaussian points. In the definition of the master and slave surfaces should be
satisfied: choose the surface with relatively large stiffness as the master surface, and because
there are two pairs of contact pairs in the contact model, it is best to choose only one as the
master surface in the contact surface. In this research paper, the epicyclic gear engages with
both the central gear and the inner gear ring. Consequently, the contact area of the epicyclic
gear is always chosen as the main surface.

The flow of finite element simulation is depicted in Figure 2. The following are the
procedures for setting up contact analysis in Abaqus.

a) Within the material properties, allocate an elastic modulus of 210 gigapascals and
establish Poisson's ratio at 0.45.

b) Allocate material characteristics to the components of the driveline. Then, set up the
coupling point (that is, the MPC unit) at the center of the circular shape of each gear.
Subsequently, incorporate the hinge connection relation to delineate the transmission relation
between the sun gear and the planetary gear.

c) First, set up the direct interaction among the internal gear ring, the central gear, and the
planetary gear. After that, define the contact characteristics. Given that the time - varying
meshing stiffness of the gears has been calculated in the field of dynamics, the average value is
chosen to ascertain the contact stiffness.

d) Begin the analysis phase. At the start of this analysis phase, initially impose restrictions
on the axial movement of the sun gear, the planetary gear, and the internal gear ring.

e)To begin with, the inner gear ring is subjected to fixed boundary limitations, while
reasonable freedom constraints are established for the sun gear and planet gears. A minuscule
rotation angle is applied to the sun gear. This action serves to eliminate the gaps within the gear
pairs, enabling close contact between the gears. Moreover, it guarantees that the iterative
calculation will converge during the subsequent contact analysis.

f) The second phase of the analysis entails applying the angle of rotation to the sun gear.
After that, load and torque are exerted on the coordinate system defined by the hinge. The hinge
connection is used to simulate the interaction between the planet gear and the planet carrier in
the planetary drive mechanism.

g) Compute the contact stresses, bending stresses, and the submission procedures of the
gear pair for an analytical solution.

10
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Figure 2: Finite element simulation flow chart

2.3 Dynamic response analysis of planetary gear system

2.3.1 Planetary gear system characteristics

During the meshing procedure of gear transmission systems, a variety of excitations will
unavoidably trigger system vibration and noise. This kind of vibration directly impacts the
system’s rigidity, structural robustness, and operational lifespan. By integrating the system's
intrinsic traits and input excitation circumstances, the system's vibration response can be
determined.Figure 3 presents the transfer characteristics of the system. Given the time - varying
internal dynamic excitation, the transient dynamic approach is employed to determine the
system response. In this section, Abaqus software is utilized to conduct a finite element
simulation of the dynamic response of the planetary gear system.

System
Input

System
Output
System Inherent
Characteristics

Figure 3: System Transfer Characteristics

2.3.2 Theory of system response analysis

By solving the system's dynamic equations, considering the known input excitation and its
inherent characteristics, the amplitude of the system's vibrational response can be
determined.The equation that governs the motion in Abaqus transient dynamics is presented as
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follows:

[M{x}+[CT{+ K] = {F (1) (19)

Among them:

- A matrix that depicts the system's mass; - A matrix that portrays the system's damping; -
A matrix that illustrates the system'’s stiffness; - A matrix that exhibits the system's displacement;
- A matrix that displays the system's velocity; - A matrix that represents the system's
acceleration.

At a specific discrete point in time, the above equations can be viewed as hydrostatic
equations that simply take into account inertial and damping forces, and it is by solving for
consecutive discrete points that Abaqus obtains the values of the system's vibrational response
over the entire time period.

In Abaqus, there are three techniques for analyzing transient dynamics, namely the full
method, the simplified method, and the modal superposition approach.

Complete Method: The complete matrix is used, which makes the calculation more accurate;
it is simple to use as it does not require the selection of principal degrees of freedom; it allows
any type of load to be added; and, crucially, it allows the presence of nonlinearities in the model,
which makes it highly applicable. However, because the complete method uses a complete
matrix and involves nonlinearities, it has higher requirements for computer hardware.

Modal superposition approach: the system's response value is acquired by multiplying the
eigen - values by a specific factor and then adding them together. This stands in contrast to the
complete approach, where the outcomes are achieved through direct computation. This method
allows the addition of damping, and for the nonlinear case, only point-to-point contact is
considered; and the time step must be guaranteed to be constant throughout the analysis, but
the method is not very demanding on the hardware.

Reduction method: the size of the problem is compressed by reducing the matrix dimension
and choosing the principal degrees of freedom, and then the results on the principal degrees of
freedom are extended to the complete set of degrees of freedom to obtain a complete solution
of the system. The method initially computes only the solution on the main degrees of freedom,
thus the loads must all be added in the direction of the main degrees of freedom; it is faster
compared to the complete method.

The modal superposition method is suitable for solving forced vibration problems of elastic
systems with multiple degrees of freedom. The basic idea is that the original coupled n
equations are decoupled by coordinate transformation, and the mass and stiffness matrices are
converted to diagonal matrices. Ultimately, the solution of the equations of motion can be
represented as a linear combination of a sequence of solutions for the vibration equations with
a single degree of freedom. Moreover, the solution for each individual degree of freedom can
be simplified to the issue of Duhamel integral. Subsequently, the solution is converted into the
response values in the original coordinates through the application of coordinate
transformations.

The equations with a single degree of freedom are usually solved by means of the Duhamel
integral. This approach involves decomposing the excitation force into a large number of
minuscule shocks. Subsequently, the responses associated with each of these minute shocks are
aggregated to compute the total response of the system.

According to the result of the Duhamel integral, the response of the r - d order mode can be
expressed in the following manner:
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q (t) = izj; f.(r)e 5 sing (t—7)dr+e 5" (Asinat+ B, cos at)
@,

fi(r)=¢"{F(2)}¢

(20)

¢ -vector of modal shapes

f.(r)-Magnitude of the component of excitation on each vibration mode

@,, w, -Value of the i th order intrinsic frequency of the damped and undamped system

A, B, -Constant calculated from the initial conditions

@ — o, When the damping & is so small that it tends to 0, i.e. & — 0, at which point
the ith order modal response g, (t) becomes:

q,(t) = i'[; r(z)sine (t—7)dz+a sinwt+b cosmt (21)
o,

Subsequently, in accordance with [the reference], the values of each level of vibration mode
are combined to determine the value of the system's vibration response at the instant of [the
specific time].

X0 = Y400 (22)

3 Dynamic characteristic analysis and optimization practice
of planetary gearing system

3.1 Driveline Dynamics Analysis

3.1.1 Inherent characteristics of the system

The system possesses inherent dynamic traits in the form of natural frequency and vibration.
When the frequency of external excitation gets close to the system's natural frequency,
resonance takes place. By examining these intrinsic attributes, one can direct the dynamic
optimization design of planetary gear transmission systems.

This research paper employs a four - stage planetary gear mechanism as an example. The
main parameters of this computational instance are shown in Table 2. The 4 major categories
of this system have a total of 11 subcategories of intrinsic characteristic-related parameters, all
of which are increasing with the increase of the level. For example, the mass of the first stage
sunwheel is 0.241kg, the mass of the second sunwheel increases to 0.643kg, the mass of the
third sunwheel increases to 1.753kg, and the mass of the fourth wheel reaches 2.078kg.

13



Zhang

Table 2: The main parameters of the example

Inherent characteristics Level 1 Level 2 Level 3 Level 4

Sun gear mass (Kg) 0.241 0.643 1.753 2.078

Planetary gear mass | 575 0.851 3.815 4.917

Mass (kq)

Planetary carrier mass
(kg)

Base circle radius of
the sun gear (mm)
Base circle radius of
Base circle the planetary gear 40.254 41.654 45.276 50.716

radius (mm)
Equivalent radius of
the planetary carrier 60.492 64.537 79.625 85.911

(mm)
Moment of inertia of
the sun gear 19.375 354.162 2537.376 | 57743.751
(kg mm?)
Moment of inertia of
the planetary gear 571.163 665.256 5748.275 | 94865.198
(kg mm?)
Moment of inertia of
the planetary carrier | 6082.317 | 86354.195 | 136547.627 | 197653.804
(kg mm?)
External engagement
equivalent
engagement stiffness
Engagement (N/mm)
stiffness Internal engagement
equivalent
engagement stiffness
(N/mm)

1.893 2.462 14.721 20.496

13.652 20.173 31.758 37.845

Moment of
inertia

9.271x10° | 10.867x10° | 11.346x107 | 15.764x10’

1.642x107 | 2.754x10" | 4.751x10% | 6.347x10®

Figure 4 depicts the system modes of the algorithm under equivalent meshing stiffness.
Here, the horizontal axis represents the degrees of freedom of the system components, while
the vertical axis corresponds to their intrinsic vibration modes. Additionally, f(i) denotes the i -
th order natural frequency. Fig. 4(a) shows the degrees of freedom and the corresponding
intrinsic vibration modes of the first to fourth order planetary frames. Fig. 4(b) shows the
degrees of freedom and the corresponding intrinsic vibration patterns of one to four levels of
sun wheels. Fig. 4(c) shows the degrees of freedom and the corresponding intrinsic vibration
patterns of one to four levels of planetary wheels.

The motion of the system is examined within a plane that has translational and rotational
degrees of freedom, which encompass displacement and rotational patterns. As depicted in
Figure 4, the natural frequencies of this system span from 204.483 Hz to 1321.636 Hz, and
there is no zero - frequency rigid - body mode. When delving into the system's intrinsic
properties, adjusting the system's natural frequency can cause it to diverge from the external
interference frequency. This prevents the onset of resonance and improves the accuracy of the
dynamic characteristics' optimal design.
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Figure 4: System modal under equivalent meshing stiffness

3.1.2 Time-varying meshing stiffness solution

The natural frequency of the system is influenced by the time - varying meshing stiffness. The
variation pattern of this stiffness is presented in Figure 5. The meshing stiffness oscillates
between 7.087 N/mm and 13.481 N/mm, and correspondingly, the natural frequency undergoes

synchronous alterations.
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Figure 5: The variation of time-varying meshing stiffness over time
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3.2 Dynamic Response Characterization

3.2.1 Analysis of vibration displacement response of system components

The system dynamic differential equations are resolved using the finite element approach.
During the computation, the transient and unstable outcomes from the initial phase are excluded,
and only the subsequent steady - state solutions are kept. To analyze the central motion path of
each component, the translational vibration displacement curves of every gear part and the
torsional meshing force curves of meshing pairs are obtained.

Figure 6 illustrates the translational vibration displacement response curves for the sun gear,
two - stage planet carriers, and planet gears. The excitation period is represented on the
horizontal axis. The vibration displacement intervals for each component along the x - axis and
y - axis directions are presented independently. This indicates that there are notable disparities
in the vibration amplitudes of all the components.
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17



Zhang

3.2.2  Analysis of the meshing force response of the meshing pair between the sun wheel
and each planetary wheel

The meshing force response curves of each gear pair are presented in Figure 7. The
dimensionless meshing force of each gear pair fluctuates within specific, separate ranges.
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Figure 7: Response curve of the meshing force of the meshing pair Sn

3.2.3 Trajectory of the center of the system components

The motion trajectories of the component centers within the gear system are presented in Figure
8. The central motion paths of the sun gear, planet gear, first planet carrier, and second planet
carrier are intricate and non - regular. However, their range of variation is limited, falling
between -1 and 1. This indicates that when torque T is exerted on the system, it triggers a
dynamic reaction in each component, resulting in displacement. The movement of each
component can be computed via finite element analysis.
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Figure 8: Motion trajectories of the centers of each component in the gear system
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3.3 System amplitude-frequency characteristic analysis

3.3.1 Analysis of the effect of eccentricity error on the amplitude-frequency
characteristics of the system

As the torgue increases, the rotational speed of the system goes up, which in turn modifies the
dynamic characteristics and vibration amplitude of the gear pair. This research paper examines
the impacts of parameters on the amplitude - frequency characteristics through finite element
analysis, taking into account only the gear eccentricity error. When specific simulation
parameters are set, the system's vibration undergoes significant alterations under the influence
of the eccentricity error. The mean vibration value reaches its peak around Q = 2.5, and the
vibration amplitude hits its maximum at Q = 2.63. Moreover, the vibration amplitude increases
more rapidly as the rotational speed climbs.
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Figure 9: The influence of eccentricity error on system vibration amplitude

3.3.2 Analysis of the effect of tooth frequency and shaft frequency errors on the
amplitude-frequency characteristics of the system

In this research paper, only the system tooth frequency and shaft frequency errors are considered,
with the simulation parameters remaining constant. For the simulation, specific pre -
determined error values are established, and only the outcomes of the rp gear pair are examined.
Figure 10 presents the root - mean - square (RMS) value and the amplitude of the system'’s
vibration. These errors will significantly increase the system's average vibration level and
vibration amplitude. Additionally, as the rotational speed goes up, the rate of increase becomes
even more pronounced. When Q is approximately 2.5, the vibration amplitude of each rp gear
pair reaches its peak, with the maximum amplitude being 3.966.Due to the differences in
eccentricity phases, the response amplitudes of each gear pair vary. The error of eccentricity
exerts an influence on the load - sharing performance of the system.
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Figure 10: System vibration amplitude under tooth and axial frequency error

3.3.3 Analysis of the effect of damping ratio on the amplitude-frequency characteristics
of the system

Excluding other error components, only the tooth frequency and shaft frequency errors of the
system are taken into account. When the ratio of the meshing frequency to the intrinsic
frequency, denoted as Q, ranges from 0 to 3.5, with a torque (Tp) of 300 N - m and a damping
ratio () of 0.15, and only the results of the rp gear pair are presented, Figure 11 depicts the
mean vibration and vibration amplitude of the system. The damping ratio has a notable impact
on the system's vibration amplitude, causing it to vary significantly. When {=0.15, the system
amplitude is small, only 0.339~1.697, and the global amplitude curve is continuous. When
(=0.09, the system vibration amplitude reaches the maximum of 3.570~5.625, and the
instability interval increases, gradually changing from stable engagement to unilateral shock,
bilateral shock and other states.
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Figure 11: Overall influence of damping ratio on amplitude of system vibration
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4 Conclusion

This research paper constructs a dynamic model for the planetary gear transmission system. It
then utilizes finite - element analysis to investigate the vibration response traits during its
operation. In the meshing frequency ratio span from 0 to 3.5, several elements such as gear
eccentric error, frequency deviation of teeth and shafts, and the damping factor all have a
significant negative impact on the system's vibration amplitude. Specifically, when Q equals
2.5, the vibration amplitude in the presence of tooth frequency and shaft frequency error is
3.966. Moreover, when the damping ratio () is 0.09, the system's vibration amplitude can reach
5.625.To enhance the stability of the planetary gearing system, it is crucial to make every
possible effort to minimize the eccentricity error, the tooth frequency and shaft frequency error,
and the damping ratio of the system. Additionally, the system's ability to withstand external
impacts should be improved.
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