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SUMMARY: CNC machine tools and relevant machines have been widely used in various
fields, including aerospace, instrument making, medicine, mold processing, etc., wherein
machining accuracy will affect the final performance of products. In this paper, firstly, the
torsion pendulum method for measuring rotational inertia is introduced, and an accurate
measurement device is designed based on the physical principle. Next, by applying the Hilbert
transform, a novel time-frequency analysis technique is adopted to discover the mathematical
formula of the relationship between the rotational inertia of the test object and its undamped
natural frequency. Therefore, a computational method of rotational inertia utilizing Hilbert
transform is constructed. Lastly, MATLAB simulation and experiments based on the least
squares estimation are conducted to validate the effect of the mechanical compensation method
for measuring rotational inertia with the help of Hilbert transform. Experimental results
demonstrate that the relative error of the computational algorithm proposed in this paper is
less than 0.5%, outperforming the traditional periodic algorithm. Moreover, the temperature
compensation algorithm makes a significant contribution to enhancing the accuracy of
rotational inertia measurement with varying temperature of the torsion bar.

KEYWORDS: rotational inertia; Hilbert transform; torsion pendulum method; least squares
method

1 Introduction

The measurement of the moment of inertia of a rigid body is of considerable importance, and it
is also a key parameter in scientific research, engineering applications, aerospace, electric-
power systems, machinery, instrumentation, and other industrial sectors [1, 2]. For a rigid body
with a regular geometry, the moment of inertia can usually be obtained directly through
analytical formulas, whereas that of an irregular or non-uniform rigid body is more often
identified by experimental approaches [3-5]. For example, Zhang et al [6] developed a
deviation-based approach for measuring rotational inertia using the torsion-bar method. After
examining sources of measurement error, positioning error, and damping, they showed that the
measurement precision could be controlled within 0.1% under ideal conditions. Thomson [7]
adopted an experimental approach based on a three-wire pendulum to determine the period and
combined it with the principle of mechanical energy conservation, thereby providing a
relatively straightforward method for evaluating the rotational inertia of irregular three-
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dimensional mass-imbalanced objects. This method has the advantages of simplicity and high
accuracy for the measurement of rotational inertia of irregular and uneven mass objects. The
basic methods for the experimental determination of the moment of inertia of a rigid body
include the torsional pendulum method and the three-linear pendulum method, but the above
methods often have different degrees of defects that affect the accuracy of the measurement
results. With the demand for micrometer-level accuracy in aerospace and mechanical
engineering, the traditional rotational inertia measurement methods have been difficult to meet.
Based on this, it is of great significance to carry out high-precision rotational inertia
measurement and study different error factors and compensation techniques in rotational inertia
measurement applications.

Morelli [8] constructed a dynamic model based on the equation error of the flight test state
and the controlled data to determine the rotational inertia of an aircraft, and found that the
method can control the measurement error within 6% under nonlinear simulation.Tang et al [9]
developed an extended disturbance observer in combination with a triggering mechanism for
the estimation of line-load torque and rotational inertia, which is able to achieve system load
anti-interference performance, reduce the tracking error, and have utility in the high-precision
identification of complex industrial equipment. Chen et al [10] have modeled torsional
vibration with linear damping. The model was utilized to determine angular displacement
through analyzed photographs in order to obtain the vibration period and amplitude modulation
factor, which then helped find the accurate moment of inertia of the load. In addition, Wang [11]
constructed a dynamic model for rotational inertia measurement, this type of mathematical
model is feasible, but its measurement accuracy will be affected by the uncertainty of the
instrument and the model error, and the maximum error is as high as 39%. Jung [12] used the
neural network technology to formulate the intelligent method for compensating the inertial
model error in the time-lag controller used for robot manipulators, which is able to compensate
for the inertia matrix's constant deviation to improve the robot operating performance and
maintain the boundary stability. Zhou et al [13] proposed a real-time compensation of dynamic
load position error in a dual-inertia drive system based on mechanical parameter prediction
without the need of position sensor mounting, which controls the load position error to almost
zero. The rotational inertia measurement has gradually shifted from traditional methods such as
torsion pendulum method and three-line pendulum method to intelligent methods, and the
compensation technique has gradually reduced the error to below 0.1%. However, the
complexity of the measurement process, cost and accuracy breakthrough is still the focus of the
current measurement technology considerations.

Firstly, a highly accurate model for rotational inertia measurement is presented, and the
structure and working mechanism of the measuring apparatus are explained. Next, the
correlation between rotational inertia and instantaneous undamped natural frequency of the
vibration system in torsion pendulum oscillation is studied, and then the calculation process of
rotational inertia through Hilbert transform is discussed. Then numerical simulations and error
analysis of experimental measurements are carried out in order to prove the feasibility of Hilbert
transform-based method for the estimation of rotational inertia. Lastly, a temperature
compensation scheme for rotational inertia measurement is obtained via least square method,
and its effectiveness is verified by experiments.
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2 High-precision rotational inertia measurement models

2.1 Measurement of the moment of inertia

Depending on the state of the object to be measured at the time of measurement, there are two
types of measurement of rotational inertia: on-line measurement and off-line measurement. On-
line measurement refers to the measurement when the measured part is in working condition,
and off-line measurement is just the opposite. The devices that use on-line measurement are
engines, internal combustion engines and generators. Generally speaking, the accuracy of on-
line measurement is limited, the relative error of measurement is about 2%, the reason why this
method is used is because the complexity of the measured part is not possible to apply off-line
measurement or the application of off-line measurement of the results obtained and the actual
rotational inertia of the measured part of the work of a larger deviation. Compared with on-line
measurement, off-line measurement has high accuracy and is more widely used. Offline
measurement methods mainly include compound pendulum equivalence method, falling body
method, linear pendulum method, torsion pendulum method. There are also some special
measurement methods, such as the measurement of the moment of inertia of automobile based
on the vibration principle, which are also categorized as offline measurement.

2.2 Basic principle of rotational inertia measurement by torsion pendulum
method

As a high sensitivity detection tool, precision torsion pendulum has been widely used in many
fields such as precision measurement of weak forces such as gravitational force and
electromagnetic force, as well as material characterization. The upper end of the torsion bar is
fixed, and the lower end is connected to the disk, the rotational inertia of the disk is J, the
swing angle is &, and the stiffness coefficient of the torsion bar K is considered to be a
constant when the swing angle is very small. Apply a certain torque on the disk, the disk will
rotate by an angle, when the external torque is suddenly withdrawn, the torsion bar will drive
the disk for simple harmonic vibration. Neglecting the mass and moment of inertia of the torsion
bar, the free vibration equation of the torsion pendulum can be expressed as:

JO+RO+KO=0 (1)

where R denotes the equivalent damping coefficient. Let f denote the undamped self-
oscillation frequency of the torsional pendulum and & denote the damping ratio, the solution
of Eq. (1) can be expressed as:

o) = Aexp(—2ﬂ§f)cos(27zf 1—§2t+w) @)

where A and @ are constants determined by the initial conditions, and f\/1-£* denotes
the damped self-oscillation frequency of the system.

2.3  Structure of high-precision rotational inertia measuring instrument

A high-precision rotational inertia measuring instrument used to measure the rotational inertia
of an aircraft has been designed as an inverted torsion pendulum. A cross-sectional view of the
instrument is given in Figure 1. The stability of the rotational center of the measuring stage is
ensured by radial bearings, thrust bearings are used to carry the measured parts and tooling, a

3



Suetal.

cylinder provides the initial excitation force, and the free decay response of the torsion
pendulum is captured by a laser displacement sensor. When the thrust bearings are inflated into
operation, the measuring table floats upwards by a few tens of microns, and a flexible coupling
Is used to overcome this displacement.
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Figure 1. Cutaway view of instrument used to measure MOI

The instrument mainly adopts the following two technical means to ensure the measurement
accuracy:

1. Hydrostatic gas bearing

Whether the bearing can provide high-precision and small-damping support for the
rotational inertia measurement system is the key to determine the accuracy of the rotational
inertia measurement results. Gas bearings are mechanical components that utilize gas film to
support load or reduce friction. Considering that gas bearings have many advantages such as
low frictional resistance, smooth operation, high precision, no crawling in low-speed movement,
low vibration and low wear, etc., hydrostatic gas bearings are used to ensure the rotary accuracy
and support the rigid connecting body composed of rotary table, workpiece and the measured
parts in the instrument.

2. High-precision laser displacement sensor

The traditional rotational inertia measurement equipment is often used in the photoelectric
timing method to directly obtain the vibration cycle of the torsion pendulum, but this method
of photoelectric switch installation position of high precision requirements. Instrument
selection of German Micro-Epsilon production of high-precision laser displacement sensor
optoNCDT1700 (range 20mm, linearity +0.08%) on the turntable deviation from the balance
position of the straight-line distance of non-contact precision measurement, and then through
the system identification method to estimate the system's undamped self-oscillation frequency
and damping ratio.
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3 High-precision rotational inertia calculation method

3.1 Calculation method of rotational inertia based on Hilbert
transformation

3.1.1 Construction of parsed signals
If 6(t) isa continuous real-valued signal, then the Hilbert transform of 6(t) is defined as:

~ 1 +6(r
6 = Hioo1 =~ [~ X, )
= t—1
If O(t) isareal-valued signal and &(t) is the Hilbert transform of 4(t), then the analytic
signal corresponding to 4(t) is:
B=0(t)+ jO(t) = At)e’" (4)

where B is the resolved signal, A(t) is the instantaneous amplitude, and ¢(t) is the

instantaneous phase.
The expressions for A(t) and ¢(t) can be obtained from equation (4):

At) = 62 (t) + 6%(1) (5)

_ arctan| 2®
@(t) = arctan { o0 } (6)

The instantaneous angular frequency (t) is defined as the first order derivative of the
instantaneous phase:

ORE )

Taking one derivative of the analytic signal p with respectto t gives:

AW
p= I{A(t) + Ja)(t)} (8)

The formula for the instantaneous angular frequency can be obtained from equation (8):

B(t)} _ 0060 - 6o o)

o(t) = Im[ > =
B(t) o°(t)+0°(t)

The formula for the first order derivative of the instantaneous amplitude can be obtained
from equation (9):
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BEO) | 10)

JOH () + 62 (t)

At) = A(t) ReP(t)} o(0(t) +0(1)O(t)

3.1.2 Discrete Hilbert transforms

In order to realize the Hilbert transform of a discrete signal, it can be processed using the
Discrete Fourier Transform (DFT). The principle is as follows:
1. DFT is performed on the discrete signal 8(n) toobtain F(k),where k=0,1,---,N-1.

F (k) k=0
2. Let G(k)=<2F(k) k=1,2,---,N/2-1.
0 k=N/2,---,N-1
3. Discrete Fourier inverse transform (IDFT) is applied to G(k) to obtain the analytic
signal p(n) for 4(n).
4. The Hilbert transform of 6(n) is &(n) = IDFT{—j[G(k) — F (K)]}.

3.1.3 Computational principles
The normalized rotational inertia measurement model can be expressed as:

G+ c;10] -sgn(@)+ > k0] -sgn(6) =0 (11)
=0 i1

where n is the highest order of angular velocity and m is the highest order of angular
displacement.
For ease of analysis, Eq. (11) can also be expressed as:

6 +2h, ()0 + ()0 =0 (12)

where hy(t) is the instantaneous damping coefficient and ,(t) is the instantaneous

undamped intrinsic frequency.
Assume that h,(t), o, (t) is alow-pass signal and &(t) is a high-pass signal, and that the

spectra of hy(t),w,(t) and &(t) do not overlap in the frequency band.

Do the Hilbert transform on both sides of Eq. (12) and multiply by j, then add with Eq. (12)
to obtain:

B+2h, (OB + 5} (DB =0 (13)

Derivation on both sides of Eq. (13) yields:

B= l{—ﬁ+ jw} (14)
TR, ke
B_B[A 0 +2] y +Ja)} (15)
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Substituting Eq. (14) and Eq. (15) into Eq. (13) yields:
[{%—wz+w§+2h0%+j[Z%w+a)+2hoa)ﬂ:0 (16)

Let the real and imaginary parts of equation (16) be zero, the instantaneous undamped
intrinsic frequency ,(t) and the instantaneous damping coefficient h,(t) of the torsional

pendulum motion can be obtained after finishing the calculation:

1
wy (t) = {wz —%4‘ ZAAZ +%} 17)
A .
h(O=-3-7" (18)

Meanwhile, the relationship between the instantaneous undamped intrinsic frequency,
instantaneous damping coefficient and Eq. (11) can be expressed as follows:

n 9 r(;-ﬁ-lj ' i
@, (A) = izl:\/;r(”lﬂjki.A (t) (19)
2

0 q F(;+1j _
hO(Aa)):jZ_(; 7 ( j+1+1jcj-[A(t)w(t)]" (20)
2

For the rotational inertia measurement model I, the relationship between the instantaneous
undamped intrinsic frequency ,(t), the instantaneous damping coefficient h,(t), and the

normalized measurement model can be obtained according to Egs. (19) and (20):

1
wo(A)=[k1+§k3A2(t)T
4 (21)
c, 4c
h, (Aw) =2+ +—2A
b(Aw) ==+ = Ao

For the rotational inertia measurement model I, the relationship between the instantaneous
undamped intrinsic frequency ,(t), the instantaneous damping coefficient h,(t), and the

normalized measurement model can be obtained according to Egs. (19) and (20):
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@, (A) = [kl + 2k, A (t)}2
4 (22)

hO(Aw)=C—21+%Aa)

According to Eq. (19) and Eq. (20), the normalized measurement model parameters can be
calculated by using the method of least-squares curve fitting, and finally the moment of inertia
of the measured object can be found out according to the stiffness coefficient of the torsion bar
K,:

Kl

J=11
kl

(23)

For the time-varying rotational inertia measurement model, the relationship between the
time-varying rotational inertia and the instantaneous undamped intrinsic frequency:

K, +K.0°

0

The detailed procedure for determining rotational inertia with the Hilbert-transform-based
approach is presented in Fig. 2. To begin with, the angular-displacement waveform of the
measured object is processed through the Hilbert transform, and the corresponding analytic
signal is obtained. Subsequently, the instantaneous amplitude, instantaneous phase, and
instantaneous angular frequency of the angular-displacement waveform are derived. On this
basis, the undamped natural frequency and damping coefficient of the torsion-pendulum
vibration are determined according to Egs. (17) and (18). The relevant parameters required for
rotational inertia measurement are then identified from Eqgs. (19) and (20) by applying a least-
squares curve-fitting procedure. In the final step, the stiffness coefficient of the torsion bar is
used to calculate the moment of inertia of the measured object.

Hilbert transform of the angular displacement
signal to construct an analytic signal

v

Calculate instantaneous amplitude, instantaneous
phase, instantaneous angular frequency

v

Calculation of instantaneous undamped intrinsic
frequency and instantaneous damping coefficient

v

Estimating Measurement Model Parameters
Using Least Squares Curve Fitting

v

Calculate the moment of inertia of an object

Figure 2: Calculation method of moment of inertia based on Hilbert transform
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3.2 Empirical model decomposition

Before calculating the rotational inertia of the target object, it is essential to find out the
instantaneous angular frequency of the torsional vibration of the target object. In order to derive
the instantaneous angular frequency, it is important to consider that the wave analyzed must
have only one component of angular frequency at each time point. That means, single
component waves have unigque angular frequency at each time point while multiple component
waves do not have such unique angular frequency at each time point. Therefore, it is important
to decompose the multiple component wave into multiple single component waves using
suitable methods. The empirical mode decomposition method will enable us to decompose the
multiple component wave into multiple single component waves, called intrinsic mode
functions that represent angular-frequency information physically. Thus, before using the
Hilbert transform method to calculate rotational inertia, it is important to use the EMD to know
whether the angular displacement wave is a single component wave or not.

(1) Identify all local maxima and minima of the original waveform &(t) Then, apply a

cubic spline to connect all local maxima and generate the upper envelope, and use another cubic
spline to connect all local minima so as to obtain the lower envelope.
(2) Take the average of the upper and lower envelopes as m,(t):

h (t) = 6(t) —m, (1) (25)

(2) Determine whether h (t) is an IMF component or not; ideally, h(t) is an IMF

component.
(3) If h(t) does not satisfy the criterion of IMF, repeat the steps of (1) and (2) with h,(t)

as the original signal:
hy, (8) = hy () —my, (t) (26)

where m,, (t) is the average of the upper and lower envelopes of the signal h,(t).
(4) If h,(t) does not satisfy the criteria of IMF, then h;,(t) is used as the original signal
and the steps k of (1) and (2) are repeated k timesuntil h, (t) satisfies the criteria of IMF:

¢, =h,(t)= hl(k—l) ®)—m, () (27)

(5) Separate the ¢, component from the signal €(t) and what remains is the new signal.
Then, steps (1) to (4) are repeated to obtain IMF, and the residual function:

o) = Zn:ci +1, (28)

In order to keep the number of decompositions of the signal within reasonable limits, the
standard deviation of the neighboring signals hy(t) and h,, , (t) can be used as a

termination criterion for the decomposition process:
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(29)

t=0

™[ hgs ) (0 —hy ()
SD =
Z{ My () ]

Practical results show that the decomposition results satisfy the condition when SD is
between 0.2 and 0.3.

Suppose the simulated signal &(t) consists of several single-component signals as shown
in the following equation:

6(t) =10sin (27 fit)+5sin (27 f,t) (30)

where f, =10Hz, f, =100Hz and the sampling frequency f, =1000Hz.

4 Measurement experiment of rotational inertia and
mechanical error analysis

4.1 Experimental equipment for rotational inertia measurement

The reference components adopted in this system are standard masses. Different mass
combinations are selected as the objects under test, and the rotational inertia to be identified
corresponds to the inertia value of these combined masses about the torsion axis. The theoretical
values of mass and inertia for the different standard masses were calibrated by the relevant
metrological authority, as listed in Table 1, where m denotes the mass of the weights and J
represents the theoretical inertia value of the weights with respect to the central axis.

Table 1: The Mass and Moment of Inertia of a Weight

Weight Number FO F1l F2 F3 F4
m/(kg) 18.8143 19.9132 18.8452 19.8421 19.8469
JI(kg.m%F 0.0987 0.0987 0.0985 0.0982 0.0982

Weight Number F5 F6 F7 F8 F9
m/(kg) 19.8645 19.0985 19.8372 19.8862 19.8029
JI(kg.mZF 0.0983 0.0897 0.0985 0.0986 0.0981

The schematic structure of the bar carrier is shown in Fig. 3, and the distance relationship
of each positioning seat is shown in Table 2.

L4 L3 L2 L1 KO R1 R2 R3 R4

L1 R1

L2 R2

L3 R3
P L4 » R4

>

A 4

Figure 3: Schematic diagram of the structure of the bar-shaped stage
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Table 2: Distance Relationship of Each Positioning Seat on the Bar-shaped Stage

Distance symbol L1 L2 L3 L4
Calibration value(mm) 300.457 602.182 904.374 1204.564
Distance symbol R1 R2 R3 R4
Calibration value(mm) 300.437 603.423 905.181 1204.173

4.2  System calibration experiment

The torsional stiffness coefficient K of the torsion bar and the unloaded rotational inertia JO of
the torsion-pendulum table under real operating conditions must first be determined, and this
stage constitutes system calibration. An unloaded measurement is therefore performed to obtain
the instantaneous amplitude and instantaneous angular frequency of the principal component
of angular displacement under the first no-load condition, as illustrated in Fig. 4 and Fig. 5.

0.040

0.035 +

0.030

0.025 -
- ]
£0.020
@ -
0.015 -
0.010 4

0.005

{ —8,0
_____ - A(t)

M

0

Figure 4: Instantaneous amplitude under no-load condition
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Figure 5: Instantaneous Frequency under No-load Condition
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The instantaneous damping coefficient together with the instantaneous undamped natural
frequency of the torsion-pendulum system derived from the solution are presented in Figs. 6
and 7. Under the no-load condition, the instantaneous damping coefficient decreases to 0.077,
while the intrinsic frequency decreases to 0.038.
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0.16 1

0.14 -

= 0.12
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004 006 008 010 012 0.4
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Figure 6: Instantaneous damping coefficient under no-load condition
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Figure 7: Instantaneous undamped natural frequency at no load

The normalized model physical parameter estimates are obtained by fitting the transient
modal parameter curves of Figures 6 and 7 using the least squares method as shown in Table 3.
Table 3: Estimation of normalized parameters under no-load condition

Normalized parameter f/(s?) c/(s) k/(radt.s)
Estimated value 0.00249 0.150926 32.1124

In order to verify the accuracy of the estimation of the physical parameters of the normalized
model, the angular displacement estimation results are solved by Pearson correlation coefficient

12
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with the real angular displacement. Among them, the angular displacement estimation results
are solved by using the fourth-order Longe-Kuta method, setting the sampling frequency as 300
Hz, the initial torsion angle as 0.0351 rad, which is the same as the torsion angle of the real
angular displacement, and the initial angular velocity is zero. The real angular displacement
signal and the estimation result are shown in Fig. 8, where 4(t) is the real value of the angular

displacement and 6, (t) indicates the estimated value of the angular displacement, and the
figure has a good fitting accuracy.

0.04

0/rad

T/s

Figure 8: Comparison of Real Value and Estimated Value of Angular Displacement

The Pearson correlation coefficient p is expressed as:

E(0-0,)-E(0)E(0,)
e (31)

JE(6?)-E*(0) - [E(0.) -7 (01s)

where E() denotes the mathematical expectation.

During system calibration, three sets of masses with different combinations were placed
symmetrically on the torsion bar, and the result for each combination was taken as the mean of
three repeated measurements. The corresponding outcomes for the standard components are

given in Table 4, in which Ju denotes the theoretical rotational inertia of different mass
combinations about the axis of the torsion pendulum. The masses of combinations 2 and 3 are
41.7109 kg and 41.7042 kg, respectively, while their rotational inertia values are 59.2681 kg m=
and 59.2574 kg m=respectively. These values are very close to each other and the associated
errors are relatively small, indicating that the experiment is stable. The difference in the masses
of the combinations therefore exerts only a limited influence on the measurement results.

Table 4: Measurement results for standard parts

Combination number m/(kg) J I(kg.mF k/(rad.s)
1 81.2743 116.5732 13.6738
2 41.7109 59.2681 19.1075
3 41.7042 59.2574 19.1152

13
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4.3 Product Measurement Results and Analysis

4.3.1 Measurement results

The combination of weights is shown in Figure 9. According to the relationship between the
mass of each weight, the rotational inertia and the distance between each base of the bar carrier,

the theoretical value of the rotational inertia of the product J. =138.2143kg-m’ is obtained
by using calculations.

b _al

i Strip Carrier

Figure 9: Diagram of weight combinations

Setting the sampling frequency as 300Hz, the angular displacement signal &(t) isacquired,
and it is processed to extract the main component, and the EMD processing results are obtained
as shown in Fig. 10. From the figure, it can be seen that IMF1 is high-frequency noise, IMF2 is
basically the same as (t), and according to the calculation of energy, we get that IMF2
accounts for 99.4% of the total, and IMF: is extracted as the main component of the angular
displacement.

= 0.00E+0 |
-9.60E-5
0.042 E

T/s

Figure 10: EMD processing results of angular displacement under product measurement
conditions

14



INGEGNERIA SISMICA — INTERNATIONAL JOURNAL OF EARTHQUAKE ENGINEERING

The improved EE approach is employed to derive the instantaneous amplitude and
instantaneous angular frequency of the principal component @ (t) after which the

instantaneous undamped natural frequency is determined and the physical parameters of the
normalized model are estimated through least-squares fitting according to Eq. (6). The
identified values of the instantaneous undamped natural frequency together with the fitting
outcomes are presented in Fig. 11, indicating that the fitting deviation is relatively small.

Recognition value
— Fitted value
3.4
3.34
g T~
3.2
3.14
3.0 T T T
0.010 0.015 0.020 0.025 0.030 0.035

A/rad
Figure 11: Identification and fitting results of instantaneous undamped natural frequency

Various weights were used in the rotation inertia experiment, and their respective results
have been provided in Table 5. The last column, which indicates the relative error, clearly
indicates that the rotational inertia error of the measured objects meets the prescribed criteria.

Table 5: Product measurement results

Combination number m/(kg) Jo/(kg.mF | K/(radts?) | Jnea/(KgMF | 5/%
1 41.7474 59.3838 19.0457 59.4181 0.08
2 81.4901 91.755 15.6022 91.6 -0.15
3 120.9934 131.0381 12.9108 130.9151 -0.13
4 121.1494 124.0582 13.2989 124.0886 0.04
5 160.705 134.8052 12.7099 134.6434 -0.14
6 160.7361 188.4215 10.4663 188.3229 -0.07
7 160.7855 138.521 12.4994 138.7031 0.15
8 160.7855 163.4808 11.3698 163.6095 0.07
9 186.8135 172.906 11.0102 173.1238 0.15
10 206.6392 174.7865 10.9279 175.0708 0.18

4.3.2 Comparison of measurement results

Following the same measurement steps, the system was calibrated using the rotational inertia
calculation algorithm based on the Hilbert transform to obtain the stiffness coefficient of the

torsion bar K=2214.1342N m rad and the no-load rotational inertia J,= 71.0382kg-m=and
the product measurement results are shown in Table 6.

15
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Table 6: Product measurement results( MR,, =24mm)

Combination number m/(kg) Jo/(kg.mF | ki/(radts?) | J,../(Kg.mF | /%
1 41.7474 59.3838 19.0972 59.3409 -0.09
2 81.4901 91.755 15.6392 91.5887 -0.22
3 120.9934 131.0381 12.9407 130.9335 -0.011
4 121.1494 124.0582 13.3364 123.9906 0.07
5 160.705 134.8052 12.7441 134.5734 -0.19
6 160.7361 188.4215 10.4848 188.5315 0.08
7 160.7855 138.521 12.5395 138.5059 -0.02
8 160.7855 163.4808 11.3959 163.6449 0.11
9 186.8135 172.906 11.0216 173.2595 0.22

10 206.6392 174.7865 10.9697 174.6561 -0.09

The results for the system calibration change depending on whether the stroke of the piston
rod exceeds that of a smaller stroke. However, as can be seen from Tables 5 and 6, the rotational
inertia of the objects tested stays within 0.5%, thus meeting the specifications. When the stroke
of the piston rod increases, it results in an increased initial angle of twist, allowing the torsion
bar to remain twisted for a longer duration. This allows more data on the angular displacement
over torsional cycles to be collected for the calculation of inertia.

The standardized components were also measured by means of the periodic approach, and
the corresponding results are reported in Table 7, where ¢ denotes the system damping ratio
obtained through calculation, and T denotes the torsion-pendulum period, defined as the mean
value of three period measurements for each combination. The period is identified by extracting
the intersection points between the angular-displacement curves and the time axis. Under no-
load conditions, the system damping ratio is ¢,=0.019, and the torsional period T,=1.1287s.

Table 7: Measurement results for standard parts using the periodic method

Combination number m/(kg) J, /(kg.m=F g TI(S)
1 80.2573 116.6183 0.0115 1.8542
2 41.3872 59.3375 0.0147 1.5438
3 41.3816 59.3284 0.0139 1.5454

The torsional stiffness coefficient of the torsion bar and the unloaded torsion-bar moment
of inertia were calculated as K=2207.2544N m radtand  J,=71.4583kg m3espectively. The
results for the moment-of-inertia calculation of different weight combinations using the
periodic approach are listed in Table 8. As the mass increases and the moment of inertia
becomes larger, the torsional period lengthens, the number of observable torsional cycles
decreases, and the relative error associated with the periodic approach correspondingly grows.
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Table 8: Periodic method product measurement results

Combination number m/(kg) J, /(kg.m3F ) T/(s) Joea (KG.MF | 5 /%
1 41.7474 59.3838 0.0192 | 1.6333 59.516 0.22
2 81.4901 91.755 0.0198 | 1.8147 91.6473 -0.13
3 120.9934 | 131.0381 | 0.0207 | 2.0153 131.3837 0.264
4 121.1494 | 124.0582 | 0.0189 | 1.9786 123.7852 -0.22
5 160.705 134.8052 | 0.0214 | 2.0326 135.0139 0.15
6 160.7361 | 188.4215 | 0.0205 | 2.2741 189.1824 0.40
7 160.7855 138.521 | 0.0189 | 2.0518 139.0995 0.42
8 160.7855 | 163.4808 | 0.0195 | 2.1659 164.1298 0.40
9 186.8135 172.906 0.0196 | 2.2071 173.5197 0.35

10 206.6392 | 174.7865 | 0.0197 | 2.216 175.572 0.45

A comparison between the errors made in estimating the periodic and Hilbert transform
methods is shown in Figure 12 below. It can be seen from the figure that the error involved in
estimating the rotational inertia using the Hilbert transform is lower compared to that made
while doing the same process using the periodic method. It shows that the Hilbert transform
method performs better when it comes to estimating the rotational inertia compared to the
periodic method, especially for objects having a relatively high mass or moment of inertia.

0.6

Il R<ative Error Based on Hilbert Transform

- Relative error of period method
0.5

1 2 3 4 5 6 7 8 9 10

Combination number

Figure 12: Comparison of Relative Errors of Rotational Inertia

4.3.3 Mechanical error analysis

1. Error analysis caused by inaccurate period measurement

In the vibration compound pendulum system, the rotational inertia measurement value is
proportional to the square of the swing period, therefore, the measurement accuracy of the
swing period will have a direct impact on the testing accuracy of the rotational inertia, the
device uses the square wave signal output from the optoelectronic sensor is converted into a
voltage signal through the signal processing circuit, so as to calculate the swing period,
assuming that the measurement error of the swing period is AT , the resultant Rotational inertia
test error is:

Al= ﬂxlOO% = 24T
J T

x100% (32)
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In actual measurement, the minimum swing period is 2.8764s, the photoelectric sensor itself
period measurement error is 0.1ms, then due to the period measurement error caused by the
rotational inertia test error A1=0.0042%

2. Elastic release mechanism error

The test by releasing the positioning pin, so that the torsion pendulum disk with the elastic
body swing, to ensure that the elastic body each time the starting position of the swing is the
same, due to the previous equipment used in the positioning pin is a mechanical structure, and
the angle of the locking device between the existence of a certain amount of friction between
the different testers, each time to apply a different force, resulting in a fast release and the slow
release of the effect is not the same at all, so that the instrument each time to measure the swing
cycle value is very large difference. The instrument's swing period value varies a lot every time
it is measured.

3. Radial offset error of the measured object

The accuracy of the center-of-mass measurement has a significant impact on the
measurement of the inertia of the projectile, because according to the traditional measurement
method, when measuring its equatorial moment of inertia, it is required that the axis of rotation
of the projectile absolutely passes through its center of mass. If there is an error in the
measurement of the center of mass or the placement of the projectile is inaccurate, then
according to the method of measuring the equatorial moment of inertia, the projectile is not
rotating around the true center of mass line, which results in the transfer of error and causes a
larger error. According to the Parallel Axis Theorem, it can be seen that if the axis of rotation

deviates from its center of mass line Az, an error of mAz® will result for a projectile with a
mass M:

(33)

4. Error of the rotation axis of the measured object not being perpendicular to the horizontal
plane

Due to the irregularity in the bottom surface, which is a result of the geometrical
construction of the measuring sling and pointer, as well as operational reasons, tilting of the
tested body upon mounting to the pallet will occur. The tilting of the tested body causes
displacement of the rotation axis relative to the axis of the tested body. Moreover, during the
measurement of either the polar or equatorial moment of inertia, the axis of the tested body may
not maintain its horizontal position.

5. The effect of different temperatures on the torsion bar error

As the temperature increases, the hardness and strength gradually decrease. This is mainly
because when tempering at temperatures above 350<C, the quenched martensite gradually
decomposes, but the « -phase still maintains a needle-like shape, and the &-carbides and x-
carbides formed before have disappeared at this time and transformed into ©® -carbides. As the
temperature increases, the hardness and strength gradually decrease, while the plasticity and
toughness improve slightly. The change in hardness and strength of the torsion bar due to
temperature increases the uncertainty and therefore leads to measurement errors.

5 Research on error compensation algorithm of rotational
inertia measurement

Different temperature levels of the torsion bar result in different stiffness coefficients and hence
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large differences in the measured value of the rotational inertia. In order to overcome the
problem that different temperatures of the torsion bar affect the measurement of rotational
inertia, it is necessary to have a suitable compensation approach for the stiffness coefficient in
terms of temperature. Based on this concept, a compensation method for the stiffness coefficient
and rotational inertia in terms of temperature is established.

5.1 Compensation principle based on the least squares method

The compensation formula is a way of numerically correcting the measurement error, and the
key to deriving the formula is the fitting of the relationship function between the damping ratio
and the relative error. The so-called fitting refers to the selection of appropriate curves to portray
or describe the functional relationship between the coordinates of discrete points on the plane
of a data processing method, there are a variety of data constraints and limiting criteria, is
mathematical approximation and optimization. At present, the main fitting methods are mean
value method, difference difference quotient method, least squares method, etc. The more
commonly used is the least squares fitting method.

Least squares (also known as least square) fitting is widely used in many fields of science
and engineering technology, and is a more commonly used data processing optimization
technique. It should be noted that by using least squares, one can achieve such an equation of
the curve that will provide minimal deviations from the points, taking into account all the
coordinates. Within the context of least squares fitting, the task of data optimization can be
solved. In essence, data processed according to the least squares conditions can effectively
reduce random errors, thereby increasing the confidence, stability, and accuracy of the results
obtained.

The principle of fitting the linear equation using the least squares principle is as follows.

The general equation of the linear equation is given by:

y=ax+h (34)

Its residual sum of squares equation is:

Q= Zm: —(ax+ b) (35)

i=1

By definition, the parameters a,b are the ones that produce the smallest sum of squares of
the distances of the observed values from the predicted line as per the least squares method.

0 60

The condition Za = 0,% =0 issatisfied when Q has a minimum value. There is:
a

bN + azm: X = Zm: Y,
i=1 i=1
bixi +aixi2 = ixiyi
i=1 i=1 i=1

(36)

Further derive an expression for the coefficients a,b of the linear equation, viz:
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(37)

m

b

5.2 Derivation of the compensation algorithm

The torsion bar stiffness coefficients obtained from the temperature compensation experiments
and the corresponding mechanical data were subjected to least squares curve fitting, and the
coefficients of the fitted linear equations were derived by fitting the data using the cftool toolbox
in matlab to treat each different load case as a set of data, which was divided into a total of four
sets of data for the no-load case, two-weights-load case, four-weights-load case, and six-
weights-load case. The results of fitting these data are shown in Figure 13. The results of the
parameters and of the fitted linear equations are shown in Table 9.

In all of the curves that have been fitted, the value of R is greater than 0.99. R has a range
of values between 0 and 1, and the closer it gets to 1, the more likely the result of the fitting
process becomes; thus, the lines presented below are very likely results of the fitting process.

2 m

2

ij _nzxi
i=1

11.64
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11.621 11.62
- —
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2 2
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11.54 11.54
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Torsion bar temperature

(d) Hexagonal silicon code load

Figure 13: Fitting results of torsion bar stiffness coefficient with torsion bar mechanical change
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Table 9: Fitting results of torsion bar stiffness coefficient with torsion bar mechanical change

Order number K Load condition J,, kg.m= a, (103 b, (N.m/rad)
1 Carrying idler 95.213 -5.000 12.831
2 Two weight 59.083 -5.039 12.831
3 Four weights 114.072 -4.573 12.802
4 Six weights 146.618 -4.649 12.802
5 Average value - -4.773 12.811

The results for the parameters a and b of the equations fitted to the four sets of data were
averaged and used as the final result of the fit:

A=-4.773x10°T,, +12.811 (38)

During actual usage, the stiffness of the torsion bar is adjusted before each measurement,
and this adjustment corrects for part of the measurement error, including the dampening effect
caused by the rotary table. The following is a general equation that can be used to calculate the
temperature correction factor for the torsion bar stiffness coefficient based on their correlation
as described in Chapter I1.

A=-4.773x10" (T, —Tompo )+ A (39)

where A, - calibrated torsion bar stiffness factor (N-m/rad).

T.n, - real-time temperature of the torsion bar during the measurement.
T.mpo - temperature during system calibration.

Temperature compensation algorithm for rotational inertia measurement:
3 =[4773x10° (T, ~Tonge )+ A T2 =3, (40)

where J, - the calibrated unloaded moment of inertia of the air-bearing rotary table (kg-m?).
T - measured torsional period (s) of the air-bearing rotary table.

5.3 Validation of the compensation algorithm

Therefore, the objective of validating the temperature compensation algorithm lies in
determining the extent to which the accuracy of measuring rotational inertia under temperature
fluctuations of the torsion bar can be significantly improved through applying compensation.
Indeed, the validation of the temperature compensation algorithm is supposed to reveal both
the viability of the new algorithm and its capacity to compensate for temperature effects by
analyzing the measurements of rotational inertia prior to and after temperature compensation.
In other words, the focus of the validation process is placed on testing the measurement results
before and after compensation.

By comparing the relative errors o,, and J. of rotational-inertia measurement before

and after temperature compensation, the feasibility and effectiveness of the compensation
algorithm can be confirmed. The relative error § is calculated by the following formula:
The relative error 6 is calculated by the formula:
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5= 2= . 100% (41)

TH

where J,,, - theoretical value of the moment of inertia of the loaded standard weight (kg - m?®);

J - the measured value of the rotational inertia of the loaded standard weight (kg-m?).

During the validation stage, the stiffness coefficient and the unloaded moment of inertia of
the torsion bar were first calibrated, and the temperature of the torsion bar at the time of
calibration was recorded. The calibrated outcomes are listed in Table 10.

Table 10: Calibration results of the rotational inertia measurement system

Ao(N.m/rad) Jo(kg M= Tiem(°C)
12.573 94.382 23.9

The stiffness constant determined experimentally from the torsion spring and air-bearing
rotary table at 22.7<C and the moment of inertia of the no load condition, respectively, are
utilized in the formulation of the temperature correction algorithm for the inertia measurement.
This will help in determining the temperature correction algorithm for inertia in the validation
of the current mechanical temperature algorithm.

Jo =| ~4773x10°(T,,, ~23.9)+12.573 |T* -94.382 (42)

emp

The torsion bar is heated by a small artificial sun until it stabilizes at about 40<C, and then
the small artificial sun is removed to stop the heating process, and the temperature of the torsion
bar will decrease continuously.In the measurement of the moment of inertia of four standard

masses having a theoretical moment of inertia of 114.167kg-m?, the air-bearing rotary table

was used. Using the compensation equation, temperature compensation was first carried out,
and then using Equation (42), the rotational inertia of the four standard masses was calculated.
The findings before and after the temperature compensation were compared to test the
effectiveness of the temperature compensation method. To evaluate the effectiveness of the
correction process, several rotational inertia values were measured, both with and without
temperature compensation.

The inertia measurements before and after temperature compensation are processed, and
some data are shown in Table 11.

Table 11: Results of the Mechanical Compensation of the Moment of Inertia of the Rod

Tom /°C Ju (kg.mF Sy (%) Jc (kg m¥ I (%)
40.2 115.542 1.204 114.202 0.031
38.4 1154 1.08 114.183 0.014
37.1 115.296 0.989 114.159 0.007
35.3 115.167 0.876 114.159 0.007
33.6 115.049 0.773 114.151 0.014
32.7 114.995 0.725 114.158 0.008
31.9 114.917 0.657 114.139 0.025
30.6 114.861 0.608 114.164 0.003
29.3 114.795 0.55 114.19 0.02
275 114.726 0.49 114.238 0.062
26.5 114.653 0.426 114.233 0.058
25.6 114.614 0.392 114.239 0.063
23.9 114.558 0.342 114.219 0.046
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In order to show more clearly the compensation effect of the derived temperature
compensation algorithm, the results of all the experimental data processing are plotted using
matlab. The comparison between the measured value of inertia of the four standard weights,
the theoretical value and the value after temperature compensation of the measurement results
is shown in Fig. 14, and the comparison between the relative error of measurement 6. and

o, before and after compensation is shown in Fig. 15.

By comparing Fig. 14 and Fig. 15, it can be clearly seen that the temperature compensation
algorithm for rotational inertia measurement derived in this paper is very effective in
compensating for temperature changes in rotational inertia measurement. The outcomes show
that the developed approach successfully addresses the influence of temperature changes on the
measurement of rotational inertia. With the temperature of the torsion bar changing between
20C and 40<C, the maximum relative error in measurement without the application of
temperature correction reaches 1%, greatly surpassing the #0.1% accuracy required by the
rotational-inertia measurement system. Using temperature correction, calculated using the
experimental algorithm for temperature compensation, minimizes the relative error to below
#0.1%. Using the algorithm for temperature correction to counteract the effect of the
temperature change of the torsion bar improves the accuracy of measurement at different
temperatures of the torsion bar.

115.61 e Compensated measured value 1
* Uncompensated measurement
_ 11544 Theoretical value of the standard weight *
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211521 <
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= 115.04 *
& . "
G 114.81 *
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Figure 14: Comparison of the measurement results of the rotational inertia
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Figure 15: Comparative diagram of relative error before and after temperature compensation
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6 Conclusion

Based on the functional relationship between rotational inertia and instantaneous undamped
natural frequency of torsion pendulum oscillation, this paper introduces a method for
calculating rotational inertia using Hilbert transform. An improved EE extraction technique is
used to extract instantaneous features, and simulation results show that the proposed method
can obtain more accurate measurements of rotational inertia than the traditional periodic
analysis method, thus making it possible to use it in real rotational inertia measurements.
Furthermore, the least squares criterion is used to verify the validity of the temperature
compensation technique for rotational inertia measurement. Simulation results show that when
the temperature of the torsion bar increases from about 20C to 40<C, the relative error of
rotational inertia measurement decreases from close to 1% to less than 0.1%.
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