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SUMMARY: In this study, through a scheme combining theoretical analysis, numerical 

simulation and optimization algorithm, the influence law of different load acting positions on 

the structural stiffness matrix is investigated, and a multi-objective topology optimization 

design framework based on the genetic algorithm of small habitats is proposed. Firstly, the 

tensioned overall structural stiffness matrix is derived, which leads to the judgment conditions 

of the tensioned overall structural stability and zero-stiffness displacement mode. The 

optimization objective is set to minimize the total mass of the structure, and the topology 

optimization of the tensioned overall structure is carried out. The shared function small habitat 

technique and pre-selection mechanism are adopted to solve the stable modes of the tensioned 

monolithic structure under different conditions. Then the nonlinear evolution characteristics of 

nodal displacement and stiffness under various typical loads are analyzed using a 

quadrangular tensile monolithic structure as the research object. The evaluation results 

revealed that the structure with a grouping number of 12 has an optimal overall performance 

with a percentage area of 59.25%. At the same time, the structure with this grouping is also the 

structure with the lowest sensitivity and the strongest robustness, which indicates that the 

optimization strategy in this paper effectively designs the tensioned monolithic structure with 

high structural adaptability. This study provides theoretical basis and methodological support 

for the design and optimization of the performance of tensioned monolithic structures under 

different loading environments. 
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1 Introduction 

Tensioned monolithic structure, as a new type of prestressed large-span structure, has developed 

rapidly in the field of space structure in recent years [1]. Tensioned monolithic structure, a 

unique self-equilibrium structural system composed of a set of continuous tension members and 

a set of discontinuous compression members, is a kind of flexible and large deformation space 

structure with special force, whose stiffness is provided by the flexible cable elements in tension 

and the rigid rod elements in compression [2, 3]. The advantages of tensile monolithic structure 

are mainly variable stiffness, reasonable force, controllable morphology, light weight, and 

folding and spreading, etc. Its different characteristics from traditional structures have received 

extensive attention in the fields of architectural space structure, aerospace folding and spreading 

structure, intelligent robotics, and biomedicine, etc. [4, 5]. Tension integration perfectly shows 
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the objective law of “continuous tension and intermittent compression” of the nature of the 

tensile integral structure, and because the force mode of the tensile integral structure is very 

reasonable, it can make up for the deficiencies of the traditional space structure such as mesh 

shell structure and mesh frame structure in the design of the large-span space structure [6-8]. 

However, due to the fact that the tensile integral structure belongs to the flexible large 

deformation structure, its stiffness is very easy to be affected by the intrinsic factors or extrinsic 

conditions, and the actual building structure has not been widely used in the real sense of the 

tensile integral system [9, 10]. It is of great significance to study the influence of different loads 

on the stiffness of the tensile integral structure, and to analyze and optimize the design of its 

stiffness for the application of the tensile integral structure in actual construction projects. 

At present, scholars in various fields of academia conduct major studies on mechanical 

analysis, shape finding analysis, structural topology analysis and stiffness analysis of tensile 

monolithic structures. In terms of mechanical properties analysis, Gilewski et al [11] 

investigated the equivalent mechanical properties of tensioned monolithic structures, used the 

continuum model to comprehensively analyze five typical tensioned monolithic structures with 

different properties, determined their Young's modulus, shear modulus, Poisson's ratio and other 

effectiveness properties, and visually presented the relationship between their mechanical 

coefficients and self-stress multiplicity and the performance ratio of the cords and rods. Ali et 

al [12] systematically analyzed the dynamic characteristics and vibration control strategy of the 

tensioned monolithic on the vibration control can change the self-stress level of the tensioned 

monolithic structure, it was found that the control of the self-stress can affect the dynamic 

performance of the tensioned monolithic structure, and then the vibration control strategy with 

the minimum control cost was obtained by using the PGSL stochastic search algorithm. 

In terms of structural shape finding analysis, Tran et al [13] proposed a numerical method 

for a new self-equilibrium configuration of tensile monolithic structures by eigenvalue 

decomposition of force density matrix and singular value decomposition of equilibrium matrix 

in order to obtain feasible sets of node coordinates and force densities that satisfy the minimum 

requirement of rank defects, which is a method that has a better robustness in the arithmetic test. 

Lee, S et al [14] proposed a generalized shape finding procedure for truncated polyhedral tensile 

monolithic structures using the force density method combined with genetic algorithms, where 

multiple force density curves are obtained by exploring the constraint minimization problem 

and compared with truncated tetrahedra, dodecahedra and icosahedra in order to find feasible 

self-equilibrating stable configurations. Zhang, P et al [15] established an optimization model 

for the forming of tensioned monolithic structures by taking the self-equilibrium equations of 

tensioned monolithic structures as the optimal performance condition, and used dynamic 

relaxation technique based on kinetic damping to find the optimal solution set, and the 

numerical simulation results proved that the method has a powerful searching ability for finding 

the shape of tensioned monolithic structures. Cai et al [16] pointed out that finding parallel 

configurations is of great significance in the design of tensioned monolithic structures, and this 

process is known as structural shape finding, for this reason, an efficient shape finding method 

is proposed, and in the design of planar and spatial tensioned monolithic structures the results 

obtained by this method are in agreement with those obtained by the previous studies. Gasparini 

et al [17] investigated a mathematical model for shape finding and static analysis of tensile 

monolithic structures, they considered shape finding and static analysis an unconstrained 

nonlinear programming problem with the total potential energy as the objective function, and 

the validity of the proposed method for shape finding and static analysis was verified by 

numerical comparative experiments. Yuan et al [18] used the topology, initial configuration, 

rest length and axial stiffness of the units of the tensioned monolithic structure as the input 

parameters of the method for solving the nonlinear equilibrium equations to find the shape, and 
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realized the shape finding of the tensioned monolithic structure by solving a nonlinear least 

squares problem, which showed excellent accuracy and effectiveness. 

In terms of structural topology analysis, Wang et al [19] used a linear optimization 

algorithm to optimize the topology of the tensioned monolithic structure under the constraints 

of equilibrium conditions, member yielding, cable relaxation, support buckling, and node 

displacement, and the method reduces the material consumption of the optimized design of the 

topology, and obtains a lighter weight tensioned monolithic structure. Xu et al [20] constructed 

an optimization model with member connections and member internal forces as variable phases, 

and used the ground structure method to find a self-stressing tensioned monolithic structure 

under multiple constraints, and the method used to find a wider range of tensioned monolithic 

structures after solving the topological optimization problem by a mixed integer linear 

algorithm. Liu et al [21] proposed a method for the optimal design of the topology of a tensioned 

monolithic structure based on graph theory, which geometrically provides the topology of the 

tension of each bar within the shape of the structure, and the resulting structural tensions tend 

to be both stable and symmetric. Ehara et al [22] implemented the topological design of the 

tensioned monolithic structure based on a mixed integer programming algorithm, and the study 

identified the maximization of the number of rods and the minimization of the number of cables 

as the optimization solution problem, based on which the obtained tensioned monolithic 

structure strictly meets the discontinuity requirements of the rods. Feng et al [23] designed a 

format matrix algorithm for 0 and -1 topological codes in order to obtain topological forms of 

tensile monolithic structures with a variety of self-stressing modes. The algorithm encodes the 

structural components and then generates the scheme matrix under geometric constraints, and 

the resulting structure performs well in terms of stiffness, elastic strain, and so on. Lee, S et al 

[24] proposed a topology design scheme for tensioned monolithic structures by combining the 

force density method with a genetic algorithm, using discontinuity conditions and minimum 

tensioned monolithic structures respectively in order to select the support candidate groups, and 

the arithmetic example proved that the proposed method has a good performance of the 

topology design of tensioned monolithic structures. 

In terms of structural stiffness analysis, Zhang, L et al [25] proposed an efficient shape 

finding method based on the structural stiffness matrix of the tensioned monolithic structure, 

which induces the shape of the tensioned monolithic structure to converge to a stable state by 

the structural stiffness matrix and the total potential energy, which is also effective in coping 

with the large-scale regular or irregular tensioned monolithic structures. Boehler et al [26] 

proposed two control methods for the cable-driven tensioned monolithic structure by adjusting 

the prestress level of the cable rod units in the tensioned monolithic structure, thus converting 

the tensioned monolithic structure into a structural device with variable stiffness, and verified 

their control efficiency by experiments respectively. Ashwear et al [27] studied the stiffness 

optimization problem of tensile monolithic structures, under the comprehensive consideration 

of axial and transverse vibration of members, the stiffness measurement simulation was carried 

out by using nonlinear Euler-Bernoulli beam units, and then the multi-objective function for the 

optimization of the stiffness indexes was designed and solved by using genetic algorithms with 

a combination of multi-objective criterion, and the optimal solution with high stiffness was 

obtained in the end. Luo et al [28] established a data model of the tensioned monolithic structure 

based on the generalized node coordinates and connection matrix, and analyzed its stiffness 

matrix to obtain that the preload force, Young's modulus and cross-sectional area are the key 

elements leading to the deformation of the tensioned monolithic structure, which provides a 

reference to the design of the tensioned monolithic structure in the related projects. Yildiz et al 

[29] designed a special measurement method for the stiffness characteristics of tensioned 

monolithic structures, and verified the validity of the stiffness characteristics obtained by the 
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method in nonlinear finite element analysis, which greatly reduced the cost of calculating the 

tensioned monolithic structures by the obtained characteristics, and could assess the stiffness of 

the structures in a simpler and scientific way. Zappetti et al [30] proposed a novel design method 

for variable stiffness tensioned monolithic structures by utilizing the property of variable 

stiffness of tensioned monolithic structures as a design principle for soft robots, and proved that 

the proposed method has the function of dynamically adjusting the load carrying capacity and 

can self-drive unfolding and locking of the structure shape through different tensioned structure 

verification tests. 

In this paper, the judgment basis of structural stiffness matrix and stability is established, 

which lays the foundation for investigating the node displacement and stiffness evolution law 

under different loading positions. Habitat genetic algorithm is introduced to construct a 

topology optimization model with the minimum total mass of the structure as the objective 

function to realize the solution of different structural equilibrium states. At the same time, this 

paper also adopts different groupings to calculate the initial state of the new tensioned 

monolithic structure, and applies examples to verify the rationality of the structure, which 

enriches the analysis theory and application practice of the existing tensioned monolithic 

structure form. Finally, through the parameter sensitivity analysis method, it reveals the 

sensitivity degree and robustness difference of different grouped structures to the weight 

coefficients. 

2 Tensioned monolithic structural elements and their 

characteristics 

2.1 Tensioned monolithic structural units and polyhedral geometry 

2.1.1 Polyhedral geometry 

A polyhedron is a geometric body enclosed by several polygons according to certain rules. The 

faces of a polyhedron are the polygons enclosing the polyhedron, the prongs of a polyhedron 

are the edges common to both faces, and the vertices of a polyhedron are the vertices common 

to a number of faces. If we denote the number of faces, the number of edges of the prisms, and 

the number of vertices of a polyhedron by f , m , and n , respectively, we have, according to 

Euler's formula: 

 2f m n    (1) 

A polyhedron is called a positive polyhedron if it consists of congruent positive polygons 

and each corner is a congruent polyhedral angle. There are very few species of positive 

polyhedra, only five, namely, positive tetrahedron, positive hexahedron, positive octahedron, 

positive dodecahedron, and positive icosahedron, which have been exhaustively studied in 

topology. In the existing structural systems, most of the structural units are several basic 

polyhedra and their combinations. Among these basic polyhedra and their combinations, 

triangular cones in tetrahedra, tetragonal cones and trigonal prisms in pentahedra, and tetragonal 

prisms in hexahedra are the main forms of structural units. 

2.1.2 Basic polyhedral tensioned monolithic structural units 

The second column of basic tensile monolithic structural units can be obtained by rotating the 

upper planes of the first column of prismatic prisms of prismatic tensile monolithic structural 

units by an   angle, and each basic tensile monolithic structural unit corresponds to a unique 



INGEGNERIA SISMICA – INTERNATIONAL JOURNAL OF EARTHQUAKE ENGINEERING 

5 

  angle, which can be expressed by Eq: 

 
2 n

 
    (2) 

n  is the number of sides of the upper and lower polygons, and knowing the   angles 

uniquely determines the basic shape of the tensile monolithic structural unit. 

2.1.3 Example analysis 

Figure 1 shows a quadrangular unit, the coordinate origin is located at the center of the bottom 

quadrilateral, the counterclockwise rotation is positive, the top and bottom planes are rotated 

by an angle of   with respect to the original position, and the top plane is free to rotate in the 

positive direction of the Z-axis. Let the angle be 0 degrees in the positive direction of X , the 

quadrilateral has a bottom side length of a , a top side length of b , a height of h , a diagonal 

cable length of tL , and a rod length of sL , then: 

 
2 2 4 4n

    
       (3) 

H

E

F

B

X
C

Y

D

A

G

Z

 

Figure 1: Four prism unit 

From this, the coordinates of each node can be obtained: 

 

1 1 1 1
, ,0 , ,0

2 2 2 2

1 1 1 1
, ,0 , ,0

2 2 2 2

2 2
cos , sin ,

2 4 2 4

2 2
sin , cos ,

2 4 2 4

2 2
cos , sin ,

2 4 2 4

2

A a a B a a

C a a D a a

E b b h

F b b h

G b b h

H

 
 

 
 

 
 

   
     
   

   
   

   

    
       

    

    
      

    

    
     

    


2

sin , cos ,
2 4 2 4

b b h
 

 
    

     
    

 (4) 
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Bringing in 
4


   gives the coordinates of the nodes as: 

 

1 1 1 1 1 1
, ,0 , ,0 , ,0

2 2 2 2 2 2

1 1 2 2
, ,0 0, , ,0,

2 2 2 2

2 2
0, , ,0,

2 2

A a a B a a C a a

D a a E b h F b h

G b h H b h

     
       
     

    
     
     

   
   

   

 (5) 

Then the lengths of the compression bar and the diagonal cable are: 

 

2 2 2

2 2 2

2
2 2

2

2
2 2

2

s

t

L b ab a h

L b ab a h

   

   

 (6) 

2.2 Stiffness matrix and stability conditions for tensioned monolithic 

structures 

2.2.1 Establishment of the stiffness matrix 

Suppose that a small perturbation  1 2 nf f f f      acting on a node of a tensile 

monolithic structure corresponds to a small displacement of the node  1 2 nd d d d     . 

Then: 

 f K d   (7) 

K  is the stiffness matrix of the tensioned monolithic structure. The so-called stiffness 

refers to the individual external forces required to produce a unit displacement, specifically, so 

that the system produces a unit displacement only in the j th coordinate, it is necessary to add 

the appropriate force in each coordinate direction, and the external force required to be added 

in the i th coordinate is defined as the stiffness coefficient 
ijK . The stiffness matrix K  is 

decomposed into two parts according to the characteristics of the tensioned monolithic structure: 

 c pK K K   (8) 

where cK  is the regular component determined by the shape of the structure before the 

structure is prestressed and 
pK  is the stress component due to prestressing. 

Equilibrium equations are established at points 1 and 2: 

 
1

2

f nt

f nt




 
 (9) 
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where n  is the directional cosine. Let the internal force coefficient ˆ /t t l ; then equation (9) 

can be written as: 

 
1 1 2

2 1 2

ˆ( )

ˆ( )

f X X t

f X X t

  

   
 (10) 

The 
ijK  is the external force that needs to be applied at the i th coordinate to make the 

system produce a unit displacement at the j th coordinate only. This is obtained from the 

definition of the stiffness matrix: 

 
1 1 2 2

11 12 21 22

1 2 1 2

f f f f
K K K K

x x x x

   
   
   

 (11) 

 

1 1
1 2 1 2

1 1 2 2

2 2
1 2 1 2

1 1 2 2

ˆ ˆ
ˆ ˆ( ) ( )

ˆ ˆ
ˆ ˆ( ) ( )

f ft t
x x t x x t

x x x x

f ft t
x x t x x t

x x x x

  
     

   

  
       

   

 (12) 

Among them: 

 
1 1 2 2

ˆ ˆ ˆ ˆt t l t t l

x l x x l x

     
 

     
 (13) 

The 
1

l

x




 is the component in the rod direction of the displacement generated in the 1x  

coordinates. Thus it is obtained: 

 
1 2

l l
n n

x x

 
  

 
 (14) 

Because: 

 
2

ˆ ˆ 1 1
ˆ

t
d

t dt dt t dtl
t

l dl dl l dl l l dl

 
          

  

 (15) 

Let 
dt

g
dl

  and bring it into the above equation to obtain: 

 
ˆ ˆ1

ˆ
t dt g t

t
l l dl l

  
   

  
 (16) 

Let ˆĝ g t  , and combine Eqs. (12), (13), (14), and (16) to obtain: 
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1 1

1 2

2 2

1 2

ˆ ˆˆ ˆ

ˆ ˆˆ ˆ

f f
ngn t ngn t

x x

f f
ngn t ngn t

x x

 
    

 

 
    

 

 (17) 

Write it in matrix form to get: 

  
ˆ ˆ

ˆ
ˆ ˆ

T T
n t I t I

K g n n
n t I t I

    
              

 (18) 

where I  is a 1st order unit array. 

If n  in is replaced by the cosine vector  , ,X Y ZN n n n  of the rod with respect to the three 

axes of X , Y , Z , and I  is replaced by the 3rd-order unitary array, the stiffness matrix of 

a single rod with 3 degrees of freedom is obtained sK : 

  
ˆ ˆ

ˆ
ˆ ˆ

T T

s

N t I t I
K g N N

N t I t I

    
              

 (19) 

For the above equation, it can be expressed in matrix form by the equilibrium matrix A . 

For a single rod, N  is the column vector of the equilibrium matrix A , i.e., 

T
T T

sA N N    , such that 
ˆ ˆ

ˆ ˆs

t t
S

t t

 
  

 
 substituting into Eq. Then Eq. (19) can be 

expressed in the form of a matrix tensor product: 

  ˆ T

s s s sK A g A S I    (20) 

Since ˆĝ g t  , bringing Eq: 

   ˆT T

s s s s s sK A g A A t A S I       (21) 

For a space structure consisting of multiple members, the stiffness of each member is 

integrated and expressed in matrix form to obtain: 

   ˆT TK A G A A T A S I    
   (22) 

where G  is the diagonal array consisting of member stiffnesses (rigid rod /g AE l , A , l  

are the cross-sectional area and length of the rod, and E  is the modulus of elasticity). T̂  is 

the diagonal array composed of internal force coefficients. Analysis of this equation shows that 

  TA G A  is the expression for the conventional stiffness matrix determined by geometry; 

ˆ TA T A S I   
 

 is the derived stiffness produced by the preloaded internal forces. 

If we make ˆ ˆG G T  , the merger yields: 
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 ˆ TK A G A S I   
   (23) 

where S  is the stress matrix resulting from prestressing, which has the same structure as the 

expression for the conventional stiffness matrix. Assuming that the two nodes of a member are 

,i j , then the stress matrix elements 
ijS  have the following relationship: 

If i j , then ˆ
ij ijS t  . 

If i j , then ˆ
ij ij

k

S t  ( k  is all the building blocks connected to point i ). 

If i  is connected to j , then 0ijS  . 

2.2.2 Stability conditions 

If the structure is in the position of minimum potential energy, then the structure will be in a 

stable state; at this time the shape of the structure corresponds to the minimum potential energy. 

Assuming that the structure has a deformation arbitrarily small deformation d , the work done 

by the internal forces of the structure is: 

 
T T T TW f d d K d d Kd       (24) 

If the work done by the structural internal force is positive, the potential energy of the 

structure corresponding to the deformed structure shape decreases; on the contrary, if the work 

done by the structural internal force is negative, the potential energy of the structure 

corresponding to the deformed structure shape increases. Therefore, the condition that the 

potential energy corresponding to the shape of the structure is minimized is: 0Td Kd  , i.e., 

the stiffness matrix K  is positive definite. 

When rigid body displacement occurs, the external force is zero, and for the rigid body 

displacement of the structure as a whole to produce the nodal displacement vector d , then 

0Kd  ; at this time, the displacement vector d  corresponds to the eigenvector with zero 

eigenvalue of the stiffness matrix. The rigid body has 6 degrees of freedom in space, there are 

6 linearly independent eigenvectors; therefore, they correspond to the 6 zero eigenvalues of the 

stiffness matrix. Therefore, when using the eigenvalues to determine the positivity of K , the 

eigenvalues corresponding to the displacement vectors of the nodes when the rigid body of the 

tensioned monolithic structure moves should be excluded. 

Two mass blocks are fixed at each end of the rod, and the center is hinged to the base. If the 

masses of the two mass blocks are properly configured, the rod can hover in any position. The 

potential energy of the structure remains unchanged after the position of the rod is changed. 

Then the structure is in a state of random equilibrium; analyzed from the perspective of stiffness, 

the structure externally embodied stiffness is zero (except along the direction of the rod); both 

0Kd  . 

In a tensioned monolithic structure, the axial stiffness of the member ˆĝ t , ˆĝ g t  , 

ĝ g , and in general ˆ 0g  , the matrix Ĝ  is positive definite. If there is a small deformation 

zd  such that 0zKd  , the stiffness of the mechanism corresponding to the zd  displacement 

mode is zero; the vector zd  belongs to the zero space of the stiffness matrix K . If the cable-

rod tension structure is stable, the stiffness matrix K  is positive definite, and the vector zd  

is the eigenvector corresponding to the zero eigenvalue of the stiffness matrix K , i.e., the rigid 

body of the cable-rod tension structure moves. 
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If the cords in the structure are replaced by springs (with zero original length), then: 

 ˆˆ / / / /g t l l t t l l   (25) 

Then available: 

 ˆˆ 0g g t    (26) 

At this point the matrix Ĝ  is semi-positive definite. Suppose there exists a small 

deformation zd  such that: 

 0zSd   (27) 

The vector zd  can be a linear combination of the zero-space vectors of the stress matrix 

S ; 

 
T

zA d e  (28) 

Bringing the vector zd  in, if there exists a nonzero solution for e , then the elements of 

the vector e  corresponding to the deformed portion of the rigid members of the structure are 

zero, and the elements corresponding to the deformed portion of the spring members are 

nonzero. 

Right-multiplication of the vector e  by Ĝ  yields: 

 ˆ ˆ T

zGe GA d  (29) 

The nonzero elements in the vector e  correspond to the zero elements in the matrix Ĝ , 

and the zero elements in the vector e  correspond to the nonzero elements in the matrix Ĝ , 

thus: 

 ˆ 0Ge   (30) 

Eq. (29) left-multiplied by the equilibrium matrix A  is obtained by combining Eq. (30): 

 ˆ 0T

zAGA d   (31) 

Then: 

 ˆ 0T

z z zKd AGA d Sd    (32) 

The zero stiffness mode condition of the structure is satisfied, i.e., 0zKd  . 

If Eq. (32) holds, then zd  belongs to both the zero space of matrix ˆ TAGA  and matrix S , 

and it can be judged that the zero space vector of matrix ˆ TAGA  and the zero space vector of 

matrix S  are linearly related. Suppose  W M N , where M  is the zero space of matrix 

ˆ TAGA  with rank Mr  and N  is the zero space of matrix S  with rank Nr . Then: 
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 6W M Nr r r    (33) 

Eq. (33) can be used to determine if there is a zero-stiffness displacement mode in the 

tensioned monolithic structure. 

3 Topology optimization of tensioned monolithic structures 

based on small habitat genetic algorithms 

3.1 Microhabitat genetic algorithms and structural self-equilibrium state 

solving 

3.1.1 Shared function microhabitat techniques and pre-selection mechanisms 

In this paper, the traditional genetic algorithm is improved by combining the sharing function 

small habitat technology and pre-selection mechanism to maintain the diversity of the 

population, in order to improve the stability and reliability of the algorithm. 

The sharing function is used to measure the neighboring relationship and degree of two 

individuals, let 1( , )d i j  be the Heming distance of any two individuals ,i j , and 2 ( , )d i j  is 

the fitness distance, then the sharing function 
,i jS  can be defined as: 

 

 

1
1 1 2 2

1

2
1 1 2 2

2,

1 2
1 1 2 2

1 2

( , )
1 ( , )

( , )
1 ( , )

( , ) ( , )
1 ( , )

0

i j

d i j
d a d a

a

d i j
d a d a

aS

f

d i j d i

e

j
d a d a

a a

Oth r


  



  

 

  





 (34) 

where: 1a  is the maximum distance of the genotype's as an individual within a small habitat 

radius, and 2a  is the maximum distance of the expression's as an individual within a small 

habitat radius. 

After sharing, the fitness function of an individual becomes the following form: 

 

1

( )

( , )

i
s M

j

f
f i

S i j




  (35) 

where: ( )sf i  is the individual fitness function adjusted by the sharing function, if  is the 

original individual fitness function, and M  is the number of individuals in the population. 

3.1.2 Solving for the self-equilibrium state of a structure 

For a tensile monolithic structure under arbitrary topological conditions, this paper adopts a 

self-compiled stiffness matrix-based method for finding the shape of tensile monolithic 

structure (SMFF method) to determine its self-equilibrium state. 

The SMFF method mainly contains the following steps: 
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1) Determine the basic data of the tensioned monolithic structure, including the number of 

nodes and cells, the structural topology, the initial lengths of all cells, and the axial stiffness. 

Using any configuration as its initial state, calculate the initial potential energy of the structure, 

the structural stiffness matrix, and the nodal unbalance forces. Memorize the iteration step 

number 1N N  ; 

2) Select appropriate constraints to exclude the structural rigid body motion according to 

the random selection algorithm, determine whether the corresponding stiffness matrix is 

positive definite, and if it is not satisfied, use the limit step algorithm to modify the stiffness 

matrix so that it is positive definite; 

3) Solve for the node displacements by using the stiffness matrix from step 2), and then 

update the node coordinates using the linear search algorithm; 

4) Calculate the nodal unbalanced forces and determine whether the current state is self-

equilibrium according to the convergence condition. If it is not satisfied, recalculate the 

structural stiffness matrix and go to step 2), otherwise, go to step 5); 

5) Terminate the iteration to obtain the self-equilibrium state of the tensioned overall 

structure. 

3.2 Topology optimization objective function and constraints 

3.2.1 Establishment of the objective function 

The objective function refers to the functional relationship between the objective of interest (a 

certain variable) and the relevant factors (some variables). According to the mechanical 

characteristics of the tensile monolithic structure, this paper adopts the minimum total mass of 

the structure under the satisfaction of constraints as the topological optimization evaluation 

index of the tensile monolithic structure. The expression of the objective function is: 

 
1 1

c tn n

ci ci ci ti ti ti

i i

f A L A L 
 

    (36) 

The compression bar cross section ciA  can be determined by the following equation: 

 
2 ci ci

ci

c

L T
A

E 
  (37) 

where: ciT  is the internal force of the i th compression bar in the self-equilibrium state of the 

structure at the current prestress level; c  is the safety factor of the strength of the compression 

bar; and E  is the modulus of elasticity of the material. 

The tension cable cross-sectional area tiA  is determined by the following equation: 

 
R ti

ti

t

T
A

f


  (38) 

where: tiT  is the internal force of the i th tie in the self-equilibrium state of the structure, R  

is the fractional coefficient of tie resistance, and tf  is the design value of the strength of the 

tie material. 
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3.2.2 Handling of constraints 

The problem of constraints is dealt with by the penalty function method, i.e., for an individual 

whose computational results do not satisfy the constraints, a penalty function is added to the 

value of its objective function to reduce the fitness of the individual in order to reduce the 

chance of the individual being inherited to the next generation. 

In order to ensure that the nodes have the possibility of maintaining equilibrium stability 

under any spatial configuration and loading, the number of connected bars constraints need to 

be satisfied for all nodes. The node connected bars number constraint can be expressed as: 

 
 

 
1 min

1

min

4

0 4

C n
g

n






 


 (39) 

where: 1g  denotes the constraint on the number of rods connected at nodes, 1C  is the penalty 

function term added to the objective function when an individual does not satisfy the condition 

on the number of rods connected at nodes, and minn  denotes the node with the lowest number 

of rods connected among all nodes, the constraint shows that under any topological relationship, 

at least four rods should be connected at each node of the tensioned monolithic structure. The 

compression rods in the tensile monolithic structure described in this paper can be continuous. 

Under the given topological relationship, the corresponding self-equilibrium state of the 

tensioned monolithic structure can be found, requiring the maximum nodal unbalance force 
3

max 10 NF  , then the constraint that the structure exists in a self-equilibrium state can be 

expressed as: 

 
 

 

3

2 max

2
3

max

10

0 10

C F N
g

F N





 
 



 (40) 

where: 2g  indicates that the structure exists in the self-equilibrium state constraints, 2C  for 

when the individual does not meet the structure exists in the self-equilibrium state conditions 

added to the penalty function term. 

In order to ensure the practical feasibility of the structure, the individual to find the self-

equilibrium state of the structure, need to meet any two rods in addition to the nodes, in the 

other space location does not cross the collision, the rods do not cross the constraints can be 

expressed as: 

 
 

 

3 , , ,min

3

, , ,min0

i j i j

i j i j

C d d
g

d d

 
 



 (41) 

where: 3g  denotes the constraint of rod non-crossing, 3C  is the penalty function term added 

to an individual when it does not satisfy the condition of rod non-crossing, 
,i jd  denotes the 

actual spatial distance between any two rods i  and rods j  of an individual in self-

equilibrium, and 
, ,mini jd  denotes the spatial distance between rods i  and rods j . limit value, 

which can be determined by the following equation: 
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, ,min

i j

i j

A A
d




  (42) 

where: iA , 
jA  indicate the cross-sectional area of rod i  and rod j  respectively. 

When the overall structure of the tension structure and the combination of the dome 

structure, can be composed of a complete self-balancing tension structure, at this time the 

overall structure of the tension structure is subjected to the main force for the dome outside the 

ridge cable and the radial tensile force outside the diagonal cable. Provides that the tensioned 

overall structure in the radial force under the action of the inner span change, that is, the 

maximum internal radial displacement, can not exceed 1/800 of the structural span, the radial 

stiffness of the overall structure of the tensioned structure to meet the conditions of the 

following displacement limit: 

 
 

 
4 max

4

max

/ 800

0 / 800

C u D
g

u D

 
 


 (43) 

Stress conditions include 1) rod and cable stresses not exceeding the limits and 2) internal 

forces in the cable unit greater than zero, i.e., the cable should not slacken out of work. The 

stress constraints can be expressed as: 

 
 

 
5 1

5 1

Does not satisfy stress condition 1

Satisfies stress conditio0 n 1

C
g






 


 (44) 

 
 

 
5 2

5 2

Does not satisfy stress condition 2

Satisfies stress conditio0 n 2

C
g






 


 (45) 

where: 5 1g  , 5 2g   denote the stress constraints under load, and 5 1C  , 5 2C   are the penalty 

function terms added to the objective function when an individual does not satisfy the stress 

constraints, respectively. 

Therefore, the final expression of the objective function is: 

 1 2 3 4 5 1 5 2h f g g g g g g         (46) 

where: h  denotes the value of the objective function of the individual after the constraints 

have been processed. 

3.3 Implementation of topology optimization based on small habitat 

genetic algorithm 

3.3.1 Establishment of the Adaptation Function 

The global minimum problem of the objective function can be converted into a global maximum 

problem suitable for genetic algorithm solution by using the conversion of the fitness formula 

considering the value of the objective function of each individual in the form of sorting from 

the largest to the smallest. The fitness calculation formula is: 



INGEGNERIA SISMICA – INTERNATIONAL JOURNAL OF EARTHQUAKE ENGINEERING 

15 

 2 ( 1) / ( 1)i iFit k M     (47) 

where: iFit  denotes the fitness of individual i  in the population, ik  is the ordinal number 

of individual i  when all the individuals in the population are sorted by the value of their 

objective function from the largest to the smallest, and M  is the total number of individuals 

in the population. 

3.3.2 Computational model processing 

The topological connectivity of the tensioned overall structure is randomly generated using a 

binary code, i.e., 0-1 encoding, with 1 indicating the presence of the corresponding bar and 0 

indicating the absence of the corresponding bar. 

3.3.3 Specific steps of the algorithm 

The topology optimization of the overall structure of the tension can be carried out by using the 

small habitat genetic algorithm and combining it with the SMFF method. Fig. 2 shows the 

computational flow, where T is the number of generations of population evolution. The 

termination conditions in the flowchart are: 1) the evolutionary generations reach the maximum 

iteration value; 2) no more better individuals appear in 100 consecutive generations. If one of 

the termination conditions is satisfied, the calculation is terminated and the results are output. 
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Figure 2: Flowchart of calculation steps 
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4 Influence of loading on the stiffness of the tensioned 

monolithic structure 

The applied positions of the external loads of the quadrangular tensioned monolithic structure 

are categorized into five cases from position 1 to position 5, which are equally distributed at 

nodes N5~N8, node N5, node N6, node N7, and node N8, respectively.The influence of the 

positions of the loads on the stiffness of the tensioned monolithic structure in the absence of 

redundant constraints is investigated in terms of the load-displacement curves and the load-

stiffness curves. 

4.1 Load-Displacement Curve Analysis 

In order to explore the influence of load location on the stiffness of the tensioned monolithic 

structure, the change rule of the load-displacement curves of each node is analyzed from X, Y 

and Z directions respectively. The load-displacement curves of each node of the four-pronged 

tensioned monolithic structure in the X, Y and Z directions are shown in Figs. 3 to 5, and the 

displacements in each direction corresponding to these nodes under the external load of 9.7kN 

are listed in Tables 1 to 3 respectively. In the load displacement curves in the X-direction of the 

structure, the laws of nodes N2 and N5, and the laws of N3, N4 and N7 are the same, so the X-

direction load displacement diagrams of nodes N5, N6, N7, and N8 are shown in Fig. 3, and 

Figs. (a) to (d) are the X-direction load displacements of nodes N5, N6, N7, and N8, respectively, 

and the maximum X-direction node displacements of the quadrangular tensioned monolithic 

structure are shown in Table 1. 

From Fig. 3 and Table 1, it can be seen that the X-direction displacement of node N5 is 

always the smallest among all the nodes when the external load is applied at five positions. The 

trends of the displacement curves of nodes N6 and N8 when the external load is applied at 

positions 3 and 5 are extremely similar, but there is a counterclockwise micro-rotation of the 

structure when it is applied at position 3, and the displacement of node N6 occurs in the X-

positive direction, and that of node N8 in the X-negative direction, and the direction is reversed 

when it is applied at position 5. 

  

(a) The x direction of N5 is shifted (b) The x direction of N6 is shifted 
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(c) The x direction of N7 is shifted (d) The x direction of N8 is shifted 

Figure 3: The x direction load displacement of the node 

Table 1: X direction node maximum displacement (mm) 

Node number Position 1 Position 2 Position 3 Position 4 Position 5 

N2 2.93 1.19 3.07 3.87 3.81 

N3 267.10 2.22 64.96 335.48 242.88 

N4 265.59 2.37 63.25 332.93 240.27 

N5 9.75 3.15 10.48 13.37 13.53 

N6 64.52 2.45 198.00 86.63 -75.85 

N7 261.26 2.90 58.44 325.92 232.83 

N8 207.17 3.54 -127.82 252.83 323.44 

 

Figure 4 and Table 2 respectively show the Y-direction load-displacement curve of the node 

and the maximum displacement of the node in the Y-direction of the structure. Figures (a) to (d) 

respectively show the Y-direction load-displacement of nodes N5, N6, N7, and N8. The 

displacement curve trends of each pair of nodes N5 and N7, and N6 and N8 are all symmetrical 

about the X=0 axis, that is, no matter at which position the external load is applied, The node 

displacements of the structure in the Y direction show the characteristic that the changes of N5 

and N7 are symmetrical about the X=0 axis, and the same is true for N6 and N8. During the 

stressing process, the displacements of N6 are all in the positive direction of Y, while the 

displacements of N8 are all in the negative direction. Node N5 produces displacement in the 

negative direction of Y when external load is applied at position 3, but all displacements in the 

positive direction of Y are produced when external load is applied at other positions; node N7 

produces displacements in the exact opposite direction to N5. From this, it can be learned that 

the displacements of the structure in the Y direction of the nodes at symmetric positions are 

reverse symmetric. 
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(a) The y direction of N5 is shifted (b) The y direction of N6 is shifted 

  

(c) The y direction of N7 is shifted (d) The y direction of N8 is shifted 

Figure 4: The y direction load displacement of the node 

Table 2: Y direction node maximum displacement (mm) 

Node number Position 1 Position 2 Position 3 Position 4 Position 5 

N2 0 0 0 0 0 

N3 0 0 0 0 0 

N4 -10.24 -0.16 1.65 -16.12 -7.76 

N5 -10.36 -0.21 0.94 -16.39 -7.24 

N6 74.86 0.13 -166.72 88.09 219.35 

N7 130.52 0.18 35.01 163.24 132.36 

N8 -86.21 -0.94 167.71 -105.35 -228.36 

 

Regarding the Z-direction displacement curves, the change trends of nodes N5 and N7, N6 

and N8 are identical and numerically close to each other. Fig. 5 shows the node Z-direction 

load-displacement curves, and Figs. (a) and (b) are the Z-direction load-displacements of nodes 

N5 and N6, respectively. Table 3 shows the maximum node displacements of the quadratic 

tensile monolithic structure in the Z-direction, and the nodes N5 and N7 produce positive Z-
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direction displacements at the rest of the positions. When the external load is applied at position 

3, the nodes N5 and N7 are displaced in the positive Z-direction, and the remaining positions 

are displaced in the negative direction. When the external load is applied at position 5, the nodes 

N6 and N8 produce negative Z-direction displacements, and the remaining positions produce 

positive displacements. When the external load is applied at position 2, the Z-direction 

displacement of each node is within 2mm. It can be learned that the Z-direction displacement 

curves of the nodes in the symmetric position of the structure maintain a consistent trend. 

  

(a) The z direction of N5 is shifted (b) The z direction of N6 is shifted 

Figure 5: The z direction load displacement of the node 

Table 3: Z direction node maximum displacement (mm) 

Node number Position 1 Position 2 Position 3 Position 4 Position 5 

N5 -31.78 1.84 84.75 -36.14 -110.19 

N6 56.84 0.16 100.56 73.64 -12.00 

N7 -34.85 -1.00 82.07 -39.17 -113.42 

N8 55.53 -0.87 98.82 72.52 -13.50 

4.2 Load-Stiffness Curve Analysis 

The structural load-stiffness curves are shown in Fig. 6, and Figs. (a) and (b) show the structural 

load-stiffness curves covering position 2 and not covering position 2, respectively, and the 

magnitude of the structural stiffnesses when the external loads are applied at different positions 

are shown in Table 4. 

The load-stiffness curves show that the structural stiffness increases as the external load 

increases. The stiffness of the structure also changes depending on the location of the external 

load. In the longitudinal comparison of the load-stiffness curve, under the action of the same 

size of the external load, the stiffness of the external load applied at position 2 is the largest, 

which is much larger than the structural stiffness in other cases, but the external load increases 

to 9.4218kN when the internal force of some of its rods is reduced to 0, and at this time, the 

structure no longer has stiffness. 

Under the influence of the applied position of the external load, the size of the stiffness is 

ranked as Position 2 > Position 3 > Position 5 > Position 1 > Position 4, in which the stiffness 

of the external load applied at Position 2 and Position 4 is the largest and the smallest, 

respectively, due to the fact that the nodes N5 and N7 are the tensile and compressive ends, 
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respectively, for the structural bending of the force. Position 3 > position 5 is the change in 

magnitude of the structural stiffness due to the relative position of nodes N6 and N8 in the 

direction of clockwise rotation of the structural unit. 

Through the above effects of the load action position on the four-pronged tensile integral 

structure, analyzing the change rule of the load-displacement curve, the load-internal force 

curve, and the load-stiffness curve, it can be learned that: 

(1) The load-displacement curve of the structure has more obvious nonlinear characteristics 

in the initial stage of just applying external load. There is also a symmetrical law in the direction 

of the displacement of the nodes symmetrical about the diagonal on the top surface of the 

structure. 

(2) The load-internal force curves of the structure show different characteristics when the 

external load is applied at position 2. All cases except position 2 show a nonlinear increase in 

the internal force of the bars with the increase of the external load, and the stiffness of the 

structure also increases. 

(3) The load-stiffness curves of the structure show that the structural stiffness increases with 

the increase of the external load, and the structural stiffness changes due to the different 

positions of the external load. 

  

(a) Cover location 2 (b) No location 2 

Figure 6: Structural load - stiffness curve 

Table 4: The overall structural stiffness of the four-prism tension 

Outer load size Position 1 Position 2 Position 3 Position 4 Position 5 

2kN 27.7063 3340.5343 110.3265 21.4224 28.0827 

4kN 41.9543 3341.0257 166.3972 33.0138 44.0696 

6kN 53.7780 3341.5166 212.0423 42.6450 57.6180 

8kN 64.2159 3342.0089 251.7395 51.1639 69.7793 

10kN 73.7046 -- 287.3641 58.9245 80.9847 

5 Analysis of the results of the optimization of the topology of 

the tensile monolithic structure 

5.1 Example analysis 

The following tensioned monolithic structure has a total of 12 nodes, each of which is connected 

to 6 members, with a total of 12 compression rods (green color) and 24 tension ropes (black 



Zhao et al. 

22 

color), and the topological connection of the structure is shown in Fig. 7. The structure is a 

multi-self-stress modal structure, so there are many possibilities for its initial force density. To 

solve the initial force density of this tensioned monolithic structure using the small habitat 

genetic algorithm proposed in this paper, the members need to be grouped according to the 

geometric symmetry of the structure beforehand. Different grouping situations may lead to 

different results in finding the shape of the initial force density. 

 

Figure 7: Structural topology connection 

According to the geometric symmetry, the cable unit is divided into 4 groups and the rod 

unit is divided into 1 group, the specific grouping is shown in Fig. 8, and the solution results 

are shown in Table 5. The structure in this symmetric grouping state there is a unique initial 

force density, and with the genetic algorithm based on the geometrically symmetric tensioning 

of the overall structure of the shape finding method solution results are consistent, which design 

error k = 1.8685e-1 to meet the design requirements. However, the finding result of the genetic 

algorithm based finding method is single. This paper can solve a variety of initial force density 

results according to different symmetric grouping, which is the advantage of this paper's 

algorithm. Under the action of the above initial force density, the stability of the structure can 

be considered, in which the tangential stiffness matrix eigenvalues are shown in Table 6, from 

which it can be seen that the smallest eigenvalue is positive, with a value of 15.415, which 

means that the structure is in a stable state. 
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Figure 8: Specific grouping results (h=5) 

Table 5: The result of the solution (h=5) 

Group Unit The force density of this article A method based on genetic algorithms 

Group1 1~4 1.000 1.005 

Group2 5~12 0.550 0.550 

Group3 13~20 0.550 0.550 

Group4 21~24 1.000 1.005 

Group5 25~36 -0.515 -0.515 

Table 6: Characteristics of the stiffness matrix of 12 bar tension (h=5) 

Eigenvalue number eigenvalue 

λ1 15.415 

λ2 41.212 

λ3 82.546 

λ4 88.651 

λ5 88.651 

λ6 92.544 

...... ...... 

λ36 1745.126 

 

In order to further elaborate the advantages of the algorithm in this paper and show the 

solving ability of multiple initial force density states, the overall structure of the spatial 12-bar 

tensioning can be divided into 12 groups, and the specific grouping is shown in Figure 9. The 

grouping has a variety of initial force density, so it is necessary to optimize the standard 

deviation of force density of grouped components as the objective function, and the 

optimization results are shown in Table 7, and the error value of k = 7.475e14 is obtained, which 

meets the design requirements. 

The eigenvalue statistics results are shown in Table 8, comparing the two grouping results, 

due to the different grouping, the final value of the force density will be changed, the minimum 
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eigenvalue of the tangent stiffness matrix of the structure in the case of h = 5 is still positive, so 

it can be ensured that the structure is still in a stable state under the action of the force density, 

and meanwhile, in the case of the 12-component grouping (h = 12), the structure forms a slightly 

better stiffness than the 5-component grouping (h = 12), which meets the condition of the 

structural stability. At the same time, the stiffness of the structure formed in the case of 12-

component group (h = 12) is slightly better than that of the structure with 5-component group 

(h = 5). 

 

Figure 9: Specific grouping(h=12) 

Table 7: The initial force density of the whole structure of the tensia is (h=12) 

Group Unit 
The force density of this 

article 
Group Unit 

The force density of this 

article 

Group1 1~2 1.000 Group7 17~20 0.446 

Group2 3~4 0.785 Group8 21~22 0.342 

Group3 5~8 0.396 Group9 23~24 0.553 

Group4 9~10 0.505 Group10 25~28 0.448 

Group5 11~12 0.505 Group11 29~32 0.395 

Group6 13~15 0.895 Group12 33~36 0.505 

Table 8: Characteristics of the stiffness matrix of 12 bar tension (h=12) 

Eigenvalue number eigenvalue 

λ1 18.519 

λ2 43.216 

λ3 84.845 

λ4 91.782 

λ5 91.805 

λ6 97.944 

...... ...... 

λ36 1746.025 
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The structural grouping is now increased to 36 groups, that is, a single member for a group, 

through the calculation of the self-stress modal number and the self-stress modal number s is 

the same as the ungrouped self-stress modal number, it shows that the method of grouping the 

members does not play a role in reducing the self-stress modal number. However, the purpose 

of grouping at this time is only to determine the tension-pressure relationship within the 

structure, which ensures that the calculation results meet the tension-pressure relationship of 

the structural members. The initial force density value finally obtained is calculated with a 

design error of k = 8.8944e-14, and the specific force density values are shown in Table 9. 

At the same time, the stability of the structure needs to be calculated, the solution obtained 

tangent stiffness minimum eigenvalue of 20.443, which is greater than 0, it means that the 

structure is stable, the specific data shown in Table 10. The case of a single member for each 

group is also consistent with the asymmetric structure of the group solution. Therefore, the 

algorithm of this paper can also be applied to the initial force density solution of asymmetric 

structures. 

Table 9: The initial force density of the whole structure of tensia is (h=36) 

Group Unit 
The force density of this 

article 
Group Unit 

The force density of this 

article 

Group1 1 1.000 Group19 19 1.815 

Group2 2 0.754 Group20 20 1.336 

Group3 3 0.637 Group21 21 0.694 

Group4 4 0.398 Group22 22 0.694 

Group5 5 1.214 Group23 23 0.694 

Group6 6 1.556 Group24 24 0.694 

Group7 7 1.556 Group25 25 -0.556 

Group8 8 1.212 Group26 26 -0.815 

Group9 9 0.754 Group27 27 -0.815 

Group10 10 1.000 Group28 28 -0.556 

Group11 11 40.395 Group29 29 -0.556 

Group12 12 0.632 Group30 30 -0.845 

Group13 13 1.000 Group31 31 -0.556 

Group14 14 0.755 Group32 32 -0.815 

Group15 15 0.635 Group33 33 -0.512 

Group16 16 0.398 Group34 34 -0.512 

Group17 17 1.455 Group35 35 -0.878 

Group18 18 0.981 Group36 36 -0.878 

Table 10: Characteristics of the stiffness matrix of 12 bar tension (h=36) 

Eigenvalue number eigenvalue 

λ1 20.443 

λ2 44.925 

λ3 87.644 

λ4 95.025 

λ5 95.216 

λ6 102.194 

...... ...... 

λ36 1746.624 
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5.2 Evaluation of topologically optimized morphology 

Since designers may prefer to focus on a certain characteristic of the structure in the process of 

structural design, the function distinguishes the primary and secondary relationship of each 

characteristic in the structural design by setting the weight coefficients. At the same time, it can 

effectively demonstrate the relationship between the coefficients and the comprehensive 

evaluation index by combining the three coefficients of α,β, α,γ and β,γ, where α, β and γ are 

the weight coefficients of the design objectives of stiffness maximization, weight minimization 

and stress minimization, respectively, which is convenient for the designer to judge the superior 

interval of the various structural performances. Figure 10~Figure 12 show the comprehensive 

evaluation results of the three combinations of weight coefficients, respectively.The 

relationship between the comprehensive evaluation indexes and the weight coefficients of the 

three multi-autostress modal tensioned monolithic structures is presented as three spatial 

triangular planes, which reflect the corresponding comprehensive evaluation functions of the 

three topological configurations. And from the three spatial triangular planes top views, the 

optimal applicable areas between different structures under various combinations can be seen. 

α,β, α,γ and β,γ top views of the three spatial triangular planes with different combinations of 

coefficients are shown in Fig. 10 to Fig. 12, respectively. 

It can also be found that the ratio of area reflects the probability of obtaining the 

comprehensive performance optimization of the corresponding topological configuration under 

the three combinations of weight coefficients. For example, the structure with the largest area 

ratio is the grouping structure of h=12, followed by the grouping structure of h=5 and the 

grouping structure of h=36. At this time, it indicates that the grouping structure of h=12 is more 

likely to obtain the optimal comprehensive evaluation value compared with the grouping 

structure of h=5 and the grouping structure of h=36. When the combination of weight 

coefficients is replaced, the dominant regions of all three structures change. However, it is worth 

noting that no matter how the three combinations of weight coefficients are changed, the area 

of the dominant regions of the three structures will remain the same, and the area ratios of the 

three regions (the grouping structure of h=12, the grouping structure of h=5, and the grouping 

structure of h=36) are 59.25%, 30.33%, and 10.42%, respectively. Therefore, when dealing with 

situations where there is no special need, it is recommended that designers prioritize the use of 

the grouping structure with h=12 because it has better structural advantages than the other two 

structures. In addition, it is recommended that the value of the weight coefficients needs to be 

adjusted in cases where more attention is paid to the structural properties, such as low elastic 

strain energy or greater structural stiffness, and then based on the comprehensive evaluation of 

the resultant plots, in order to find a suitable topological configuration. 
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Figure 10: The spatial triangle plane is in the view of α,β 

 

Figure 11: The spatial triangle plane is in the view of α,γ 

 

Figure 12: The spatial triangle plane is in the view of β,γ 
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5.3 Parameter sensitivity analysis 

From the above studies, it is obvious to conclude that the composite evaluation value is directly 

affected by the weighting coefficients, therefore, the parameter sensitivity analysis is necessary 

in the study of the effects of different parameters on the structural performance. 

In this section, the spatial angle formed by any triangular plane (grouped structure with h=5, 

grouped structure with h=12, grouped structure with h=36) and the bottom plane is taken as the 

comparative index of parameter sensitivity, and the spatial angle formed by each plane and the 

bottom plane will react to the degree of inclination of the plane, i.e., it reacts to the rate of 

change of the comprehensive evaluation value with the change of coefficients. The space angle 

of each plane under different combinations of coefficients is obtained by spatial geometry 

theory calculation, and the spatial angle of the plane in the topological morphology evaluation 

diagram is shown in Figure 13. With different combinations of arbitrary weighting coefficients, 

the spatial angle of the corresponding plane of the grouping structure with h=12 is the smallest 

relative to the other two cases, indicating that the weighting coefficients have the smallest 

influence on the comprehensive evaluation value. In other words, with the same combination 

of weighting coefficients, this structure has the lowest sensitivity and the strongest robustness. 

In contrast, the grouping structure with h = 5 corresponds to the largest spatial angle of the 

plane, indicating that the composite evaluation value of this structure is easily swayed by the 

change of weight coefficients. Therefore, this structure has high sensitivity and weakest 

robustness under the same combination of weighting coefficients. 

 

Figure 13: The planar space Angle in the topological form evaluation diagram 

When the weight coefficients of a certain item are consistent, the sensitivity of the same 

structure to two other different weight coefficients is obtained by means of formula derivation. 

The following is an example of theoretical derivation in the case of consistent coefficients 

before  : 

The space triangular plane equation can be abbreviated as: 

 1 2 3 0k k k G       (48) 

and can be defined as 1 2 3, ,k k k : 



INGEGNERIA SISMICA – INTERNATIONAL JOURNAL OF EARTHQUAKE ENGINEERING 

29 

 
1

1

1
N

h
k

h






 


 (49) 

 
2

1

1
N

U
k

U






 


 (50) 

 

min,

3

min,

1

N
k














 (51) 

At the same time , ,    is satisfied: 

 1      (52) 

Thus with ,   as the combination of coefficients, the above equation (52) can be 

deformed as: 

 1 3 2 3 3( ) ( ) 0k k k k G k        (53) 

Since the structural properties of any structure are certain, here 1 2 3, ,k k k  are fixed and the 

normal vector of the space plane can be obtained as 1 3 2 3( , , 1)k k k k   , and let the normal 

vector of the bottom plane be (0,0,1) : 

 ,
2 2

1 3 2 3

1
cos

( ) ( ) 1k k k k
  

   
 (54) 

where 
,   is the angle between the plane and the base plane for the combination of the 

coefficients of ,  . 

Similarly, in the case of the combination of coefficients of ,  , the spatial plane equations 

can be similarly rewritten as: 

 2 1 3 1 1( ) ( ) 0k k k k G k        (55) 

The plane normal vector can also be obtained as 2 1 3 1( , , 1)k k k k   , so the cosine of the 

angle between the plane and the base can be obtained for a combination of ,   coefficients: 

 ,
2 2

2 1 3 1

1
cos

( ) ( ) 1k k k k
  

   
 (56) 

where 
,   is the angle between the plane and the bottom surface under the combination of 

,   coefficients. 
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The solution results of the three structures are consistent with 
, ,     , and according 

to the above equations, we get 
, ,cos cos     , so 2 3 2 1k k k k   . To ensure that the   

pre-coefficients are consistent, the   pre-coefficients in the case of ,   combinations are 

1 3

2 3

k k

k k




 and the   pre-coefficients are 3 1

2 1

k k

k k




. Therefore the  -prior coefficient is greater 

than the  -prior coefficient, at which point the structure is shown to be more sensitive to  . 

6 Conclusion 

On the basis of previous research, this paper finds that there are still deficiencies in the theory 

of topology finding of tensile integrated structure, so it aims at the sensitivity of the stiffness 

matrix and optimization of the design of the key issues to carry out research. The design method 

of the tensioned overall structure is optimized based on small habitat genetic algorithm, which 

provides a certain theoretical basis and technical support for the topological shape finding and 

optimization of the tensioned overall structure. 

(1) In the tensile monolithic structure of four-pronged column, the stiffness changes 

regularly with different load positions. The order of influence is position 2>position 3>position 

5>position 1>position 4. The load-displacement curves show obvious nonlinearity in the early 

loading stage, and the displacement response of the symmetric nodes shows the characteristics 

of synergistic or reverse symmetry, which indicates that the geometrical symmetry of the 

structure plays a dominant role in the mechanical response. 

(2) In this paper, the topology optimization of tensile monolithic structure based on small 

habitat genetic algorithm has excellent solving ability for geometrically symmetric tensile 

monolithic structure, and it is also applicable to solving the initial force density of asymmetric 

structure. The topology optimization algorithm of the tensioned monolithic structure based on 

the small habitat genetic algorithm divides the spatial twelve-bar tensioned monolithic structure 

components into five, twelve, and thirty-six groups, and carries out the optimization in groups 

respectively. After optimization, the eigenvalues of the tangent stiffness matrix of the stress 

density are positive, and the structure is in a stable state, which confirms that the topology 

optimization algorithm of the tensioned overall structure based on the small habitat genetic 

algorithm can effectively solve the initial force density of the tensioned overall structure. 

(3) The sensitivity analysis of the tensioned overall structure helps the designers to make 

comprehensive consideration of the topological morphology of the specific structure and select 

the appropriate topological morphology. In the comprehensive evaluation planes of different 

grouped structures, the grouped structure with h=12 has the best comprehensive performance, 

with the largest occupied area of 59.25%, and its sensitivity to the weight coefficients is the 

lowest, which has better comprehensive performance and design robustness. 
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