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2010, Ngo et al., 2012, Leonard et al., 2013, Yan  et al., 2014, Fabbrocino et al., 2016, 
Palermo et al., 2016, Mancusi et al., 2017]. 
Several mechanical models available in literature are based on the limit analysis approach 
[Heyman 1995]. With reference to arches, the safe theorem of Heyman states that the 
structure is safe if a line of thrust (funicular curve) in equilibrium with the external loads and 
entirely contained within the volume of the structure can be found [De Jong, 2007, Block and 
Lachauer, 2014].This theorem has been extended to double curved structures via either 
continuous or discontinuous approaches [Fraternali, 2010, 2011, Fabbrocino et al., 2016, 
Carpentieri et al., 2016, 2017]. The theoretical approach and the computational burden of 
such models makes their implementation in FEM code inappropriate.  
In the recent years, structural optimization problems have been examined by means of 
genetic/evolutionary algorithms (GA), inspired by Darwin's evolution theory [Golberg et al., 
1986, Jenkins, 1992, Chapman et al., 1994, Mitchell and Forrest 1994]. Differently from 
classical algorithms, GA can be applied to a wide variety of optimization problems, i.e. when 
the function is discontinuous, not derivable or strongly nonlinear [De Jong, 2007].  
An advanced numerical model procedure that allow us to search a ‘safe’ thrust surface of 
masonry vaults is presented in this paper. The model is developed by means of a Breeder 
Genetic Algorithm (BGA) and applied to an adaptive FEM code [Fabbrocino et al., 2015]. 
The BGA allows us to find a safe thrust surface by moving the FEM nodes of a vault within a 
design domain and minimizing a suitable “fitness function” here proposed.  
The adaptive numerical method is validated by comparing its prediction for a cloister 
masonry vault under static load to the structural response evaluated in [D’Ayala and 
Tomasoni, 2008].  
Numerical results are given for the case study of a cloister vault subject to static and dynamic 
load combinations. The presented approach offers a useful tool for the verification of existing 
masonry structures and the design of strengthening interventions with composite materials 
under static loads and seismic action.  

2  Numerical model 

The proposed numerical procedure is formulated within Heyman’s safe theorem, by modeling 
the structural response of a masonry vault through a compressive membrane state across a 
material surface S (thrust surface), contained within the vault’s volume.  This surface is 
searched, by iterative procedure, with an adaptive Finite Element approach based on a genetic 
algorithm (BGA) that allows the shift of the locations of the membrane’s nodes in order to 
minimize the tensile stresses. The F.E. model of the vault was developed within the linear 
elasticity via shell elements with dominant membrane behavior (Fig. 1). Model hypotheses 
include: 

- no tensile strength of masonry; 
-  infinite compressive strength of masonry; 
-  sliding failure does not occur. 

The last assumption requires values of friction between blocks of the order of 0.5–0.6. 
Let denote the i-th coordinate of the j-th node, xi,j; the lower bound of xi,j (corresponding to 
the intrados of the vault for unreinforced masonry), xi,jmin; the upper bound of xi,j 

(corresponding to the extrados of the vault for unreinforced masonry), xi,jmax; control 
variables ranging in the interval [0,1], ξi,j. 
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Table 1 – Main mechanical properties of the materials 
 ଵߛ

(kN/m3) 
Em 
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Figure 2 – BGA’s flow chart 

Let consider an eighth of the vault, by taking into account the symmetry of the vault 
geometry and the loads, and let divide it in four slices (Figure 3, a).  
D’Ayala and Tomasoni (2009) shown that the pavilion vault is characterised by the formation 
of two plastic hinges at the 3rd and 4th slices of the vault: the first one located at the vault 
intrados for an angle of 70° with respect to the vertical direction; the second one located at 
the vault extrados for an angle of 30° with respect to the vertical direction. The authors also 
highlighted the natural arches configuration of the vault in the limit analysis solution (Figure 
3, b).  
The thrust surface obtained by the proposed procedure allows to predict the hinges formation 
above mentioned (Figures 4 and 5).  
The procedure is also capable to describe the natural arches mechanism, taking into account 
the distribution of the minimum principal internal forces (Figure 6).  
We denote ‘RTS’ the Reference Thrust Surface corresponding to the midsurface of the 
cloister vault and ‘MTTS’ the Minimum Tension Thrust Surface obtained via the proposed 
numerical procedure. 
 

Generation of initial population of λ individuals 

Evaluation of the fitness functions of the λ 
individuals by means of the FEM code   

Selection of the μ best individuals with the best 
fitness function 

Selection of the μ* best individual between the μ 
individuals    
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NO YES End procedure 
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4.2 Dead and live loading 

Let us examine the vault subject to the following static design load combination, LCSt: 

࢚ࡿ࡯ࡸ ൌ ૚ࡳ ൅ ൫ࡳ૛,૚ ൅ ૛,૛൯ࡳ ൅ 		ࡽ  

where: 
 ܩଵ is the dead load due to the self-weight of the vault; 
 ܩଶ,ଵ is the dead load due to the weight of the filling material; 
 ܩଶ,ଶ is the dead load due to the permanent overload and it is assumed equal to 3.00 

kN/m2; 
 ܳ is the live load ad it is fixed equal to 4.00 kN/m2. 

The FEM analysis referred to the RTS and the MTTS of Figure 11 gives the maximum and 
minimum internal forces acting on midsurface of shell elements of Figure 12.  
The corresponding maximum and minimum principal stresses on the RTS are equal to σmax = 
1.03 x 10-1 MPa and σmin = -1.40 x 10-1 MPa, respectively, and the average value of the 
tensile principal stresses is equal to σave = 1.26 x 10-8 MPa.  

Figure 11 – RTS and MTTS configurations 

RTS: maximum principal internal forces [N/m] RTS: minimum principal internal forces [N/m]

MTTS: maximum principal internal forces [N/m] MTTS: minimum principal internal forces [N/m]

Figure 12 – Top views of the unreinforced vault subject to dead and half side live loads 



 

 

The MT
average
smaller 
by the M
that giv

4.3 

The vau
live loa

The MT
stress m
The RT
10-1 MP
1.03 x 1
The res
value o
signific
stress g
given b

TTS allows 
e value of 

than that o
MTTS (σmin

ven by the R

Dead and

ult is analys
ads (Figure 1

Figure 13

TTS is obta
maps are dep
TS gives the
Pa, respecti
10-8 MPa is 
sults show 
of the tens
cantly small
given by the
y the RTS. 

to point ou
the tensile 

obtained by 
n = -1.42 x 1

RTS. 

d half side

sed under th
13).  

3 – Plan of th

ained startin
picted in Fig
e maximum 
ively. The c
also obtain
the maximu

sile princip
ler than tha
e MTTS (σ

Fig

D

ut the maxim
principal s
the RTS, a

10-1 MPa) r

e live load

he LCSt com

he live loads 

ng from the
gure 15.  
and minim

correspondi
ned.  
um principa
al stresses 
at obtained 
min = -1.18 

gure 14 – RT

 
DE PIANO et a

mum princip
stresses (σa

and the min
remains alm

ding 

mbination of

(the live loa

e RTS (Figu

mum princip
ing average

al stress (σ
(σave = 2.
by the RT
x 10-1 MP

 

 

TS and MTTS

al. 

pal stress (σ
ave = 3.01 x
nimum princ
most unchan

f the previo

ds are applie

ure 14) and

al stresses o
e value of th

σmax = 6,04 
.75 x 10-9

TS. The mi
a) is almos

S configurati

σmax = 7.20 x
x 10-9 MPa
cipal compr
ged in magn

ous case, by 

 
ed on the gre

d the corresp

of 8.08 x 10
he tensile p

x 10-3 MP
MPa) of 

nimum prin
t unchange

ons 

x 10-3 MPa)
a) are sign
ressive stre

gnitude com

y assuming h

ey surface. 

ponding me

0-2 MPa and
principal str

Pa) and the 
MTTS, wh
ncipal com

ed compared

113 

) and the 
ificantly 
ss given 

mpared to 

half side 

embrane 

d -1.18 x 
resses of 

average 
hich are 

mpressive 
d to that 



 
INGEGNERIA SISMICA – INTERNATIONAL JOURNAL OF EARTHQUAKE ENGINEERING 

 

114 
 

4.4 Seismic loading and strengthening with FRCM strips 

Let us examine the vault subject to the following dynamic design load combination, LCDyn: 

࢔࢟ࡰ࡯ࡸ ൌ ࡱ ൅ ૚ࡳ ൅ ൫ࡳ૛,૚ ൅ ૛,૛൯ࡳ ൅ ࣒૛,૚ࡽ	

where: 
 ܧ is a the load due to the seismic excitation along the X-axis of the Cartesian frame; 
 ܩଵ is the dead load due to the self-weight of the vault; 
 ܩଶ,ଵ is the dead load due to the weight of the weight of filling material; 
 ܩଶ,ଶ is the dead load due to the permanent overload and it is assumed equal to 3,00 

kN/m2; 
 ߰ଶ,ଵ is the combination coefficient and it is assumed equal to 0,80; 
 ܳ is the live load ad it is fixed equal to 4,00 kN/m2. 

The effects of the seismic excitations are modelled by means of horizontal forces according 
to a conventional static approach to seismic actions on the buildings (European Standard EN 
1998-1) [Casapulla et al., 2010, Casapulla et al., 2017]. The seismic actions are set 50% of 
the vertical forces. The RTS and the obtained MTTS are reported in Figure 16 and the 
corresponding maps of the maximum and minimum internal forces are shown in Figure 17. 
The maximum principal stresses on the RTS and the MTTS are equal to σmax = 3.50 x 10-1 
MPa and σmax = 1.50 x 10-1 MPa, respectively; the minimum principal stresses on the RTS 
and the MTTS are equal to σmin = - 4.28 x 10-1 MPa and σmin = - 5.28 x 10-1 MPa, respectively; 
and the average values of tensile principal stresses are equal to σave = 4.00 x 10-8 MPa and 
σave = 2.65 x 10-8 MPa, respectively. It is worth noting that, also in this simulation, a relevant 
reduction of the maximum tensile principal stresses (56 %) can be obtained by considering 
the MTTS as an alternative configuration to the RTS. 
 

RTS: maximum principal internal forces [N/m]  RTS: minimum principal internal forces [N/m]  

MTTS: maximum principal internal forces [N/m]  MTTS: minimum principal internal forces [N/m]  

Figure 15– Top views of the unreinforced vault subject to dead and half side live loads. 
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5 Concluding Remarks 

An adaptive numerical method able to approach the equilibrium problem of unreinforced and 
reinforced masonry vaults has been shown. This procedure allows to approximate the no-
tension membrane (thrust surface) behaviour of masonry through an elastic analysis of the 
masonry referred to a Minimum Tension Thrust Surface. Such a surface is obtained via a r-
adaptive finite element featuring linearly elastic shell elements with dominant membrane 
behaviour. The moving of the FEM nodes is governed by a Breeder Genetic Algorithm 
within a design domain and minimizing the average value of the principal tensile stresses in 
unreinforced masonry. The advanced numerical model has been validated against a case 
study of a vault available in literature. A cloister vault subject to several load combinations, 
both static and dynamic, has been studied in depth. The proposed model applied on the 
Minimum Tension Thrust Surface has given tensile stresses significantly smaller than that 
obtained by means of the FEM analysis on the midsurface of the vault. The model has been 
also utilized to design and verify a FRCM reinforcement, required within the dynamic load 
combination. The proposed approach may represent a useful tool to evaluate the vulnerability 
of existing curved masonry structures and to design optimal reinforcement patterns 
[Fraternali et al., 2015, Fabbrocino et al., 2016, Berardi et al., 2017 (1,2,3)]. We address 
generalizations of the proposed model accounting for a limit state analysis with finite friction 
[D’Ayala and Tomasoni, 2009], and the dynamic response of masonry vaults under seismic 
excitations to future work. 
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